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Preface

Relationships amongst propositions are crucial pieces of knowledge. They
express causal or plausible connections, bring isolated facts together, and
help us obtain a coherent image of the world. Such relationships may be
represented in a most general form by if-then-conditionals.

Conditionals are omnipresent, in everyday life as well as in scientific envi-
ronments. We make use of conditional knowledge when we avoid puddles on
sidewalks (being aware of “If you step into a puddle, then your feet might get
wet”) and when we expect high wheat prices from observing cold and rainy
weather in spring and summer (due to “If the growing weather is poor then
there will be an increase in the price of wheat”). Conditionals represent gene-
ric knowledge, acquired inductively from experience or learned from books.
They tie a flexible and highly interrelated network of connections along which
reasoning is possible and which can be applied to different situations.

Therefore, conditionals are most important, but also quite problematic
objects in knowledge representation. They are not simply “true” or “false”,
like classical logical entities. In a particular situation, a conditional is appli-
cable (you actually step into a puddle) or not (you simply walk around), it
can be found confirmed (you step into a puddle and indeed, your feet get wet)
or violated (you step into a puddle, but your feet remain dry because you
are wearing rain boots). So the central problem in representing and mode-
ling conditional knowledge is to handle adequately, on the one hand, inactive
(or neutral, respectively) behavior, and, on the other hand, active as well as
polarizing behavior.

This book presents a new approach to conditionals which captures this
dynamic, non-propositional nature of conditionals peculiarly well. Conditio-
nals are considered as agents shifting possible worlds in order to establish
relationships and beliefs. This understanding of conditionals yields a rich me-
thodological theory, which makes complex interactions between conditionals
transparent and operational. Moreover, it provides a unifying and enhanced
framework for knowledge representation, nonmonotonic reasoning, and belief
revision, and even for knowledge discovery. In separating structural from nu-
merical aspects, the basic techniques for conditionals introduced in this book
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are applied both in a qualitative and in a numerical setting, elaborating fun-
damental lines of reasoning.

The novel theory of conditionals is at the heart of this work, from which
its other major topics — revising epistemic states, probabilistic and nonmono-
tonic reasoning, and knowledge discovery — are developed. So central concerns
of Artificial Intelligence research are dealt with in a uniform and homogeneous
way by investigating structures of conditional knowledge. Such structures are
substantial, for instance, in abductive as well as in predictive reasoning, or
for simulation tasks.

Several persons contributed to the making of this book which is a revised
version of my habilitation thesis at the FernUniversitiat Hagen, Department
of Computer Science. In the first place, I would like to thank Christoph
Beierle for accompanying this work with his criticism and his support, and
for refereeing the thesis. I am also very grateful to the other referees, Gerhard
Brewka and Dov Gabbay, and to Wilhelm Roédder who infected me with
his enthusiasm for probabilistic conditionals and the principle of maximum
entropy.

Thanks to Jeff Paris, Gerhard Brewka, and Karl Schlechta for discussing
and sharing new ideas with me. Special thanks to Jeff for improving my
English.

Parts of the results presented in this book were obtained while I was sup-
ported by a Lise-Meitner-scholarship, Department of Science and Research,
North-Rhine-Westfalia, Germany.

I dedicate this book to my husband, Klaus, for encouraging me all the
time, and to my children Silja, Maj-Britt, and Malte, for their creativity.
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1. Introduction

Conditionals are closely connected with reasoning — typically, they suggest
plausible, yet often defeasible conclusions from what is evident. Therefore,
studying conditionals means primarily to overcome the strict framework of
classical logic and to enter into the world of defeasible reasoning, nonmono-
tonic logics and uncertain knowledge.

1.1 “Believe It or Not” —
The Handling of Uncertain Knowledge

From the beginnings of Artificial Intelligence, commonsense and expert-like
reasoning has been modelled in two basically different ways: The quantitative
approaches using certainty factors [BS84, Voo96b], fuzzy logic [Zad83, Yag85,
KGK93], belief functions [Dem67, Sha76, Sha86], possibilities [DP92, DLP94],
and probabilities [DeF74, Pea88, Bac90, Par94], and the symbolic approa-
ches like circumscription [McC80], autoepistemic logic [Mo0o88], default logic
[Rei80] and many others (the references given are only examples). While the
former methods have proved to be successful in practical reasoning, the lat-
ter have helped to reveal and model structures of uncertain reasoning in a
qualitative way.

Probability theory here occupies an outstanding position: Devised and
developed to perform sound reasoning in a quantitative setting, it not only
became an important benchmark in the area of quantified reasoning in gene-
ral, but also provides a semantics for qualitative default reasoning by conside-
ring infinitesimal probabilities (see [Ada75, Pea89]) or orders of magnitudes
of probabilities (see [GP96]). Within the last decades, knowledge represen-
tation and reasoning based upon probability theory has received increasing
attention in the area of artificial intelligence. Probability theory provides
a solid foundation for nonmonotonic reasoning methods ([Ada75, Bac90,
Gef92, Gol94, Pead8]), and probabilistic networks allow a consistent com-
putation of (quantified) uncertainty ([Pea86, LS88, RKI97b, RM96]). Pro-
babilities are particularly appropriate to quantify conditional statements “If

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, {p] 1-10, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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A then B” which are of major interest in the areas of nonmonotonic reaso-
ning and belief revision dealing with the dynamics of belief (see, for instance,
[Nut80, Cox46, Cal9l, DP91b, DP97a, LM92]).

The property of monotonicity is undoubtedly crucial for classical deduc-
tion: Adding new facts does not invalidate previously derived conclusions,
so the set of conclusions may only increase monotonically. Thus it establis-
hes a very solid fundament for exact sciences like mathematics. From daily
experiences, however, we know that monotonicity is not an appropriate gui-
deline for human reasoning: New information often makes us revising our
beliefs, i.e. some beliefs which turn out to be false are given up, and other
beliefs supported by the new information are accepted. Due to the fact that
most of our knowledge is uncertain or incomplete, this process is so typical
and so successful in our everyday lives that the then harsh debates attacking
nonmonotonicity as detrimental to logics (cf. [Isr87]) appear quite whimsical
nowadays. Just to the contrary — Dubois and Prade [DP96] state nonmono-
tonicity as one of the most salient features an exception-tolerant inference
system has to possess.

Nevertheless, nonmonotonic reasoning is still a challenge — which beliefs
are to be given up, which to be established? In their early paper [MD80],
McDermott and Doyle tried to specify the scope of their “Nonmonotonic
logic” between arbitrariness and rigidity:

The purpose of non-monotonic inference rules is not to add certain
knowledge where there is mone, but rather to guide the selection of
tentatively held beliefs in the hope that fruitful investigations and
good guesses will result. This means that one should not a priori
expect non-monotonic rules to derive valid conclusions independent
of the monotonic rules. Rather one should expect to be led to a set of
beliefs which while perhaps eventually shown incorrect will meanwhile
coherently guide investigations.

Belief revision, on the other hand, deals with the dynamics of belief —
how should currently held beliefs be modified in the light of new informa-
tion? Results in this area are mainly influenced by the so-called AGM theory,
named after Alchourron, Gardenfors and Makinson who set up a framework
of postulates for a reasonable change of beliefs ([AGM85, G&r88]).

This book exploits the crucial relationship between plausible uncertain
reasoning and conditionals to obtain a unified and enhanced framework for
studying nonmonotonic reasoning and belief revision: We will investigate how
to revise epistemic states by (sets of) conditionals in different settings, inclu-
ding a purely qualitative, a probabilistic, and an intermediate environment
using ordinal conditional functions for representation. Epistemic states repre-
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sent the cognitive state of an intelligent agent at a given time. They permit us
to graduate beliefs according to their plausibility and thus allow a more ap-
propriate studying of belief change than plain propositional belief sets which
are the objects of interest in AGM theory. While AGM theory only observes
the results of revisions, considering epistemic states under change focuses on
the mechanisms underlying that change, taking conditional beliefs as revision
policies explicitly into account. So the work presented here meets a crucial
demand raised in Friedman and Halpern’s Critigue [FH99] to AGM revision:
“...whatever we take to be our representation of the epistemic state, it seems
appropriate to consider how these representations should be revised.”

The idea to consider conditionals, nonmonotonic reasoning and belief re-
vision from a common point of view is not new. Indeed, the crucial role of
“conditional objects” has been recognized for many years (see [DP91a, KS91,
Bou94, FH94]). In this book, however, conditionals are not considered as logi-
cal entities, but as dynamic agents shifting worlds in order to establish beliefs.
This understanding of conditionals has far-reaching consequences and yields a
theory which is quite different from the ones raised by logical considerations.

In separating structural from numerical aspects when handling conditio-
nals, the basic notions for conditionals developed here may be applied to yield
important results both in a qualitative and in a numerical setting. Indeed,
conditionals are at the heart of this book from which the other major topics
— revising epistemic states, extended nonmonotonic reasoning and knowledge
discovery — will be developed. Conditional valuation functions will be intro-
duced as abstract (numerical) representations of epistemic states covering
probability functions, ordinal conditional functions and possibility distributi-
ons. The notion of a conditional structure defined for (multi-)sets of possible
worlds allows us to formalize correctly the idea of indifference of conditional
valuation functions with respect to sets of conditionals, resulting in the state-
ment of a principle of conditional preservation for revisions. Within a purely
qualitative environment, we set up postulates describing what it means for a
revision to preserve conditional beliefs. Moreover, we show that the (numeri-
cal) principle of conditional preservation actually generalizes these postulates.
Thus a thorough axiomatization of this principle is obtained which consti-
tutes an important paradigm when revising epistemic states, similar to the
paradigm of minimal propositional change guiding AGM-revisions.

Besides conditionals, a second focus of this book is on probabilistic rea-
soning at optimum entropy where the principles of maximum and minimum
entropy (ME-principles), respectively, will be used to represent incomplete
probabilistic knowledge in an information-theoretically sound way. It can
easily be seen that each ME-revision satisfies the principle of conditional pre-
servation and therefore fits the formal framework sketched above. We will
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investigate what other postulates are necessary to characterize ME-revisions
as a “best” probabilistic revision function, identifying an appropriate fun-
ctional concept and the properties of logical coherence and representation
invariance as responsible for the special form of ME-revisions. This establis-
hes reasoning at optimum entropy as a most fundamental inference method
when using probabilistic conditionals to represent knowledge.

Integrating ME-inference and ME-revision, respectively, into the frame-
works of nonmonotonic reasoning and belief revision turns out to be particu-
larly fascinating and fruitful: On the one hand, the abstract properties of non-
monotonic inference operations like cumulativity, left logical equivalence etc.
([Gab85, KLM90, Mak94]) and the axioms for belief revision ([G&r88, DP94])
help to classify the ME-techniques from a formal point of view, thereby raising
the reputation of this powerful, but sometimes seemingly obscure method. On
the other hand, however, studying ME-inference may give important impetus
to the field of nonmonotonic logics and belief revision in general. For a long
time, both areas have been concentrating on handling only propositional be-
liefs in a one-step manner, without basing inferences explicitly on a theory
and without considering iterated revisions. In contrast to this, the principles
of optimum entropy provide a comprehensive frame to realize iterated revi-
sions of (probabilistic) epistemic states by sets of conditionals, thus genera-
lizing classical AGM-revision in nearly all aspects. And indeed, the property
of logical coherence, mentioned already in [SJ81] and here used as one of
the postulates to characterize ME-revision, may be read as a set-theoretical
version of Darwiche and Pearl’s axiom (C1) for iterated revision ([DP97a]).

The axiom of logical coherence may be formulated easily for general epi-
stemic states, and we interpret it as a kind of “cumulativity with respect to
epistemic states” phrased for universal inference operations. Universal infe-
rence operations provide a global setting to study inference and revision, and
logical coherence proves to be an important means to link up inferences based
on different epistemic states. Considering revision operators in the enhanced
framework of revising epistemic states by sets of conditionals allows us to
differentiate between simultaneous and successive revision, and to separate
background from evidential knowledge. This permits us to distinguish more
clearly between different belief change operations like (genuine) revision, up-
dating and focusing which may be realized, however, by the same (binary)
revision operator.

Furthermore, the principle of conditional preservation presented here was
first developed for ME-revision in [KI98a], but it can also be applied in a
more general framework. The conditionals to be incorporated impose a spe-
cific structure on the resulting probability distribution. This structure may
be used to elaborate sets of probabilistic conditionals that represent a given
distribution (inverse representation problem). This is particularly important
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when one wants to extract probabilistic knowledge from statistics in order
to present relevant connections between the considered variables (knowledge
discovery/data mining) and/or to design a probabilistic network for know-
ledge representation and reasoning. The first steps in this direction will be
undertaken in this book.

The principal concern of this book is to develop a common approach to
symbolic and numerical uncertain reasoning via conditionals. Most of the to-
pics to be treated here, however, were actually addressed when working on
a concrete computational system, namely the expert system shell SPIRIT
realizing maximum entropy propagation ([RKI97b, RKI97a, RM96]). Here
the following questions arose: Besides respecting (conditional) independence,
what are the mechanisms underlying ME-techniques? How can ME-inference
and ME-adaptation be compared to other methods? Conditionals are ge-
nerally considered to be very important for knowledge representation and
reasoning, but how can their meaning and effects be made explicit? And, last
not least, a crucial problem in designing expert systems: Where do all the
conditionals representing substantial knowledge come from? How should we
use experimental data?

This book aims at answering all these questions by presenting a general
framework for nonmonotonic reasoning and belief revision that features con-
ditionals and ME-methods as particularly meaningful both to qualitative and
quantitative approaches.

1.2 Overview

The organization of this paper is as follows: Fixing basic definitions and
notations in the next section will conclude this introduction.

Chapter 2 outlines the state of the art of belief revision and nonmonoto-
nic reasoning. Several properties of nonmonotonic inference operations which
will be used in this book are listed here. In the area of belief revision, the
standard AGM-theory dealing with expansion, revision and contraction of
propositional beliefs is recalled, and we explain the difference between revi-
sion and updating in the sense of Katsuno and Mendelzon. Then we discuss
how to extend this framework of propositional belief change by studying
epistemic states and conditionals, allowing us to perform iterative revisions.
Finally, we present a picture of belief revision and nonmonotonic reasoning
from a probabilistic point of view, featuring revisions and inferences based on
the principles of optimum entropy as particularly sophisticated and powerful
methods.
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Chapter 3 focuses on conditionals and starts with studying the connec-
tions between conditionals and epistemic states. Conditional valuation fun-
ctions are introduced, and we discuss how the acceptance of (conditional)
beliefs in epistemic states may be modelled by these functions. Then we turn
to more formal things: In Section 3.4, we define two relations, subconditio-
nality, C, and perpendicularity, 1l , on conditionals, describing quite extreme
ways of conditionals interacting with one another. These relations will prove
to be useful especially in a qualitative setting of belief change and in the
field of (conditional) knowledge discovery. An even more important notion is
introduced in Section 3.5: We represent conditionals by generators of a (free-
abelian) group and define the conditional structure of a world. Using group
theoretical structures makes it possible to calculate with conditionals, or with
their effects on worlds, respectively. These formal means provide a framework
adequate to phrase exactly, what conditional indifference of a conditional va-
luation function with respect to a set of conditionals means (see Section 3.6).
We show that probability functions and ordinal conditional functions which
are indifferent with respect to some set of conditionals follow quite a simple
conditional-logical pattern.

Conditional indifference will prove to be of crucial importance when re-
vising epistemic states by conditional beliefs in Chapter 4 in that it is the
essential ingredient to formalizing a quantitative principle of conditional pre-
servation for revising conditional valuation functions in Section 4.5. Revisions
by sets of conditionals and representations of sets of conditionals will be cal-
led c-revisions and c-representations, respectively. But first, we will describe
what it means to preserve conditional beliefs in a purely qualitative setting
by stating postulates for revising an epistemic state by a conditional in Sec-
tion 4.1. Representation theorems for these postulates will be given in Section
4.2, and they will be exemplified by presenting a revision operator for ordinal
conditional functions in Section 4.4. We investigate the meaning of conditio-
nal valuation functions for qualitative revisions in Section 4.3, and in Section
4.5, we show that both approaches to the principle of conditional preservation
developed here, the qualitative one and the quantitative one, are compatible.

The idea of revisions obeying the principle of conditional preservation
is pursued further in a probabilistic environment in Chapter 5. We elabo-
rate three more postulates such a revision should satisfy: First, a functional
concept should establish a clear and unique connection between prior know-
ledge, new information and the revised probability distribution (see Section
5.2). Second, we present the postulate for logical coherence in Section 5.3.
This postulate claims that revised probability distributions can be used un-
ambigously as priors for further revisions and thus is of crucial importance
particularly for iterated revisions. Finally, the postulate for representation
invariance states that revisions should not depend on the syntactical re-
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presentation of probabilistic knowledge (cf. Section 5.4). Following these four
postulates, we arrive at a new characterization of revisions based on the prin-
ciple of minimum cross-entropy (ME-revisions) (cf. Theorem 5.5.1 in Section
5.5).

We investigate how ME-reasoning works in Chapter 6. First we check
which of the properties relevant to nonmontononic inference operations are
satisfied by ME-inference. In particular, we show that ME-inference is cumu-
lative and fulfills the loop-property (cf. Section 6.2). Then we present some
ME-deduction schemes in Section 6.4 to illustrate ME-reasoning in simple,
but typical and informative situations such as transitive chaining, cautious
monotonicity and reasoning by cases.

In Chapter 7, we return to general belief revision and nonmonotonic reaso-
ning. Due to the formal manner in which numerical ME-inference is handled
in this book, it is possible to transfer some crucial insights provided by this
powerful inference operation to the general theory. ME-reasoning exemplifies
effectively how a more comprehensive and unified view on this area is opened
by considering revisions and inferences in an extended framework using epi-
stemic states and conditionals. Universal inference operations are introduced
in Section 7.1 as a proper counterpart to revision operators in nonmonotonic
reasoning, allowing us to take a basic epistemic state into account. We show
how to distinguish between simultaneous and successive revision (cf. Section
7.2), and how to separate clearly between background and evidential know-
ledge (cf. Section 7.3). This allows us in particular to overcome the conceptual
difference between (genuine) revision (in the AGM-sense) and updating (in
the sense of Katsuno and Mendelzon) by considering them not as different
change operators, but as applying the same change operator in different ways
(cf. Sections 7.4 and 7.5). Moreover, focusing may be realized as different from
revision by the ME-revision operator (cf. Section 7.6). Iterated revisions may
be dealt with adequately in that framework, too. The postulate for logical
coherence used for ME-characterization proves to be of crucial importance to
control iterated revision and to link up inference operations.

Chapter 8 brings a brief sketch of some results in probabilistic knowledge
discovery and then turns to its main part, the discovery of structures of know-
ledge by following conditional patterns within conditional valuation functions.
Revisions of such functions which obey the principle of conditional preserva-
tion are necessarily indifferent with respect to the revising set of conditionals.
So discovering “conditional structures” means in particular finding a set of
conditionals with respect to which the given conditional valuation function,
e.g. a probability distribution, is indifferent. In Section 8.2, we develop an
approach to accomplish this task by using the group theoretical representati-
ons of conditionals, developed in Chapter 3. Part of an algorithm is presented
that allows us to calculate such a set of conditionals by studying numerical



8 1. Introduction

relationships between the values given. This method is applied in Section 8.3
to illustrate how an ME-optimal representation of a probability distribution
by a set of conditionals can be computed.

Chapter 9 presents briefly a selection of various computational approaches
to MFE-reasoning with probabilistic conditionals, to probabilistic knowledge di-
scovery and to possibilistic belief revision.

Finally, Chapter 10 summarizes the results of this book.

Preliminary versions of various parts of this book have already been pu-
blished in [RKI93, KIR96, KI96b, KI96a, K197a, KI97¢, KI97b, KI98c, KI98a,
RKI97b, RKI97a, KI01, KI98b, KI99¢c, KI99b], and in [KI99a].

In order to improve the readability of the text, the full proofs of lemmata,
propositions, corollaries and theorems have been moved to Appendix A.

1.3 Basic Definitions and Notations

1.3.1 Propositional and Conditional Expressions

We consider a propositional language £ = L(V) over a finite alphabet
V = {a,b,c,...}. Uppercase roman letters A, B,C' ... will denote atoms or
formulas in £. £ is equipped with the usual logical connectives A (and), V
(or) and — (negation). We will largely avoid material implication in order not
to get confused with conditional implication (see below). To simplify notati-
ons, we will replace a conjunction by juxtaposition and indicate the negation
of a proposition by barring it, i.e.

AB=AAB and A=-A

A will denote one of the formulas A, A. Elementary conjunctions are con-
junctions of literals, i.e. of positive or negated atoms. Complete conjunctions
are elementary conjunctions which contain each atom either in positive or
negated form. Tautologies and contradictions will be denoted by T and L,
respectively.

Let {2 denote the set of possible worlds, i.e. {2 is a complete set of inter-
pretations of £. Two worlds w,w’ € 2 are called neighbors if they differ with
respect to exactly one atom.

Given a propositional formula A € £, we denote by Mod (A) the set of all
A-worlds,
Mod(A) ={we 2 |wE A}
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Definition 1.3.1. For a set of worlds {w1,wa,...} C £2, we define
form (w1, wa,...) € L
to be that proposition in L which has wy,ws, ... as its models:

Mod (form (wy,ws,...)) = {wi,ws,...}

Sometimes, worlds will be identified simply with their corresponding com-
plete conjuntion
w= /N o (1.1)

viwE=D
where the conjunction is taken over all atoms v in L.

If A, B € L are two propositional formulas in £, then A < Biff A | B, i.e.
iff Mod(A) C Mod(B). = means classical logical equivalence, that is A = B
iff Mod(A) = Mod (B).

L is extended to a conditional language (£ | £) by introducing a condi-
tional operator |:

(L]£)=A{(BJA)| A, B € L}

A is called the antecedent or the premise of (B|A), and B is the conse-
quence of the conditional (B|A). (£ | £) is taken to include £ by identifying
a proposition A with the conditional (A|T).

1.3.2 Probabilistic Logics

The atoms in £ may be looked upon as (binary) propositional variables, and
possible worlds or complete conjuntions, respectively, correspond to elemen-
tary events. So, given a probability distribution P over V, a probability can
be assigned to each propositional formula A € £ (V) via

P(A)= ) Pw)

wl=A

In this way, a probabilistic interpretation of £ is obtained.

We extend £ (V) to a probabilistic conditional language (L | £)P™" by

attaching a probability = € [0, 1] to each conditional (B|A) € (L | £):
(L 1L = {(BlA) [e] | (BIA) € (L] £),z € [0,1]}

(BJA) [z] is called a probabilistic conditional, or sometimes a probabilistic
rule, too. It is to represent syntactically non-classical conditional assertions
(BJA) weighted with a degree of certainty x. Probabilistic conditionals are
interpreted via conditional probabilities: If P is a distribution, we write
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P = (B|A)[z] iff P(A)>0and P(BJA) = PIE?AB)) =z

A probabilistic fact Alz] is regarded as equivalent to the probabilistic condi-
tional (A|T)[z] with tautological antecedent, so P = A[z] iff P(A) = «.

In general, we have
r = P(B|A) iff P(A)>0and (1—2)P(AB)=xzP(AB),
P(AB)

so the quotient PAT determines the probability of the conditional (B|A).
It represents the proportion of individuals or objects with property A which
also have property B to those that do not. Thus it is crucial for accepting

the conditional, not only within a probabilistic framework (cf. [Nut80]).

Probabilistic facts and conditionals will also be denoted by small Greek
letters ¢, v etc. So for a distribution P and for a set R C (£ | £)""" of
probabilistic conditionals, we write P = R iff P |= ¢ for all ¢ € R. Models
of probabilistic conditionals are probability distributions that fulfill them,
hence

Mod(R) ={Q | Q distribution over V, Q =R}

for R C (L] L))" L = L£(V). A set of probabilistic conditionals R C
(L | £)P™" is consistent iff it has a probabilistic model, i.e. iff there is a
distribution @ such that Q = R. Two sets Ry, Ry C (L | £)"™°" are probabi-
listically equivalent iff Mod(R1) = Mod(R2).

For a distribution P over V, let
Th(P) = {(BIA)[a] € (| £} | P = (BI4) 2]}

denote the set of all probabilistic conditionals which are valid in P. Th(P)
explicitly represents the conditional knowledge embodied in P.
Two distributions Py, Py are identical iff P (w) = Pa(w) for all w € {2,

that is, P, | wlz] iff P» = w[z]. So there is a one-to-one correspondence
between distributions P and their theories Th(P).



2. Belief Revision and Nonmonotonic
Reasoning — State of the Art

The capability of revising knowledge and giving up conclusions in the light of
conflicting evidence is one of the most outstanding features of commonsense
reasoning. Though it seems to be practised in everyday life in a most natural
and self-evident way, it challenges knowledge representation and inference
procedures in Al because it clashes with the classical property of monotoni-
city. Therefore defeasible or nonmonotonic reasoning, as it is usually called,
requires new formalisms to be realized adequately, and to date, a number
of approaches to “nonmonotonic logic” have been proposed. Makinson and
others ([Gab85, Mak94, KLM90]) set forth formal properties and axiom sy-
stems to judge and classify inference relations lacking monotonicity. Makin-
son’s work also covers quite general inference procedures not being based on
classical structures.

The topic of belief revision is to investigate knowledge bases in change.
The great variety of approaches that have been proposed to date, usually
each method coming along with a descriptive axiom scheme (for a survey,
cf. [GR94]), corresponds to the many different interpretations and names
the term change has been given. Géirdenfors [Gar88| identified three funda-
mental types of belief change, revision, expansion and update. Katsuno and
Mendelzon [KM91b] recommend updating to handle knowledge in a changing
world. Conditioning has been regarded as an adequate method for revising
probabilistic beliefs (see, for instance, [Par94, Gér88]), but Dubois and Prade
[DP97b] emphasize that actually, conditioning does not correspond to revi-
sion but rather to focusing.

Nonmonotonic reasoning and belief revision are closely related but have
different focusses: While studying and realizing nonmonotonic inference re-
lations is the principal topic of the first, the latter is mainly concerned with
investigating the resulting changes in the belief sets (or belief states).

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pjj-JL1-26, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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2.1 Nonmonotonic Reasoning

A number of different methods to realize nonmonotonic reasoning have been
proposed up to now, among others Reiter’s default logic [Rei80, Ant97] and
its variants ([Bre94, Ant97]), circumscription [McC80], autoepistemic logic
[MDB80, Moo88], inheritance diagrams [Tou86], maxiconsistent sets [Poo88],
preferential models [KLM90], and, using quantified uncertainty, probabilistic,
possibilistic and fuzzy logics (cf. [Pea88, DLP94, KGK93]); for a survey, see
[Som92] or [GHR94]. In spite of the diversity of representation forms and
inference techniques used it is possible to compare different nonmonotonic
logics by focussing on the inference relations induced. This idea goes back to
Gabbay [Gab85] and was later pursued and elaborated by Kraus, Lehmann,
Magidor [KLM90] and Makinson [Mak89, Mak94]. A number of important
properties to describe reasonable nonmonotonic inference relations have been
identified, e.g. cumulativity, loop and rational monotonicity. In the sequel, we
will give an overview so as to cover the scope of this book.

Let £* be any language used to represent relevant knowledge appropria-
tely, e.g. in this book, £* may be one of £, (L | L) or (£ | L)""". If k is
a (nonmonotonic) inference relation between sets of formulas and single
formulas of L£*,

b C 28 x L,

then the corresponding inference operation C'is defined via

CA) ={peLl" | Ao}

for sets of formulas A C £*. Conversely, each inference operation C' : 2™ —
2£" induces an inference relation ko by setting Ap ¢ iff ¢ € C(A). We
will use both notations simultaneously, depending on which appears more
intuitive. In generalizing the inference relation from single formulas on its
right side to sets of formulas, we will write A B for B C C(A).

Let A, B be sets of formulas of £*, ¢ be a single formula. A (nonmono-
tonic) inference operation C is called reflexive if A C C(A), and idempotent
if C(C(A)) = C(A). C is said to satisfy cut if A C B C C(A) implies
C(B) C C(A), and fulfills cautious monotonicity if A C B C C(A) implies
C(A) C C(B). Cut and cautious monotonicity together yield the property of
cumulativity

ACBCC(A) implies C(A) = C(B) (2.1)

guaranteeing a convenient stability of inference: Taking already inferred kno-
wledge into account does not change inferences. A cumulative inference ope-
ration is assumed to satisfy reflexivity (synonym: inclusion) besides cumula-
tivity. So a cumulative inference operation also fulfills the condition of reci-

procity: If A C C(B) and B C C(A) then C(A) = C(B) (cf. [Mak94]).
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Compared to a classical deduction operation, a cumulative inference ope-
ration only differs with respect to monotonicity: Instead of full monotonicity,
ie. A C B implies C(A) C C(B), we have cautious monotonicity. A classi-
cal inference operation satisfying inclusion, monotonicity and cut is called a
consequence operation and is denoted by Cn.

If £* is a propositional language, £* = L, then a (nonmonotonic) inference
operation C' can be linked to a classical deduction operation Cn via the
property of supraclassicality, i.e. Cn(A) C C(A) for all A C £L: Any formula,
that can be deduced from A classically, can also be derived nonmonotonically.
Other conditions connecting nonmonotonic inference operations to classical
logic are the following:

— left absorption: CnC = C

— full absorption: CnC = C = C Chn;

— right weakening: If ¢ € C(A) and ¢ € Cn(¢) then ¢p € C(A);
— left logical equivalence: Cn(A) = Cn(B) implies C(A) = C(B);
— distribution: C(A)NC(B) C C(Cn(A)N Cn(B));

conditionalization: If ¢ € C(AU ¢) then ¢ = ¢ € C(A) (where = means
material implication).

Two more properties are of relevance when studying the behavior of nonmo-
notonic inference relations:

An inference relation ko (or operation C, respectively) is said to satisfy
loop if
whenever 4y v As v .. A, e Ap then C(A;) = C(Aj) ford,j <n (2.2)

The loop-property is a weakened form of transitivity which typically does not
hold for nonmonotonic inferences.

Finally, we recall the non-Horn condition of rational monotonicity (cf.
[LM92)):
If Af- 1) and not A —¢ then AU {¢p} o (2.3)
Rational monotonicity is quite a strong condition for nonmonotonic logics,
assuming anything as irrelevant to the inference A 1) the negation of which
cannot be inferred from A.

2.2 Belief Revision

In general, belief revision means the process of adapting some set of beliefs,
or some accepted knowledge, respectively, to new information. Belief revi-
sion has many facets, depending on the compatibility of old and new beliefs,
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whether belief is added or given up, or if only generic knowledge is applied
to evidential information. Following [Gar88, AGMS85] we will sketch the prin-
cipal types of change for propositional beliefs — expansion, revision and con-
traction — and the corresponding catalogues of postulates, each describing a
reasonable change of beliefs; these basic postulates are known today as the
AGM-theory, named after Alchourron, Gédrdenfors and Makinson.

Let K be a propositional belief set, that is, K C L is a set of propositions
which is closed under classical consequence Cn. Let A be some proposition
representing the newly acquired information which K is to be revised by.

The simplest type of revision occurs if A is consistent with K, i.e. if A
does not contradict any of the beliefs in K. This type of revision is called
expansion, denoted by +. Gardenfors [Gar88] lists intuitive postulates for an
expansion which are apt to characterize expansion uniquely within a classical
logical framework:

AGM-postulates for expansion:

(AGM +1) K + A is a belief set.

(AGM +2) Ae K+ A.

(AGM +3) K C K + A.

(AGM +4) If A€ K then K + A=K.

(AGM +5) If K C H then K+ AC H + A.

(AGM +6) K + A is the smallest belief set satisfying (AGM +1) - (AGM +5).

Theorem 2.2.1 ([G&r88]). The expansion function + satisfies (AGM +1)
- (AGM +6) iff K+ A=Cn(K U{A}).

Belief revision in general (operator: *) does not presuppose the consistency
of the new information A with the belief set K; if consistency holds, however,
revision reduces to expansion:

AGM-postulates for revision:

(AGM *1) K * A is a belief set.
(AGM *2) Ae K x A.
(AGM *3) K« AC K+ A.
(AGM *4) If “A ¢ K then K + A C K * A.
* A 1s Inconsistent 1 1s contradictory.
AGM *5) KxAisi i iff Ai di
(AGM *6) If A and B are logically equivalent, then K «* A = K * B.
(AGM *7) K« ANBC (K * A)+ B.
- *x A then * + B C *x ANB.
AGM *8) If -B ¢ K x A th K+«A)+BCKxANMNB
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Unlike for expansion, these postulates are not sufficient to describe uni-
quely one optimal revision operator; they only outline the scope of reasonable
belief revision. Katsuno and Mendelzon [KM91a] rephrased the AGM-revision
axioms more concisely for propositional logic (where K is supposed to be a
single formula, too):

(AGM’ *1) K * A implies A.

(AGM’ *2) If K A A is satisfiable, then K « A = K A A.

(AGM’ *3) If A is satisfiable, then K * A is also satisfiable.

(AGM’ *4) If K; = Ko and Ay = Ag, then Ky x A1 = Ko * As.

(AGM’ *5) (K x A) A B implies K * (A A B).

(AGM’ *6) If (K« A) AB is satisfiable, then K% (AA B) implies (K xA) A B.

The third important belief change operation presented in [Gar88] is con-
traction (operator: —) dealing with the mere deletion of beliefs.

AGM-postulates for contraction:

(AGM -1) K — A is a belief set.

(AGM -2) K — ACK.

(AGM -3) if A¢ K then K — A=K

(AGM -4) ifnot - A then A ¢ K — A.

(AGM -5) if A€ K then K C (K — A) + A.

(AGM -6) if A and B are logically equivalent, then K — A = K — B.
(AGM -7) (K —A)N(K—-B)C K — AAB.

(AGM -8) if A¢ K — AABthen K — AANBCK — A.

Following Levi [Lev77], expansion and contraction are more fundamental
than revision. As he sees it, revising by A means first contracting - A and
then adding consistently belief in A; this is formalized by the so-called Lewi
identity

KxA=(K—--A)+ A (2.4)

In this way, revision can be expressed by contraction and expansion. Con-
versely, a contraction operation in terms of revision is given by the so-called
Harper identity

K—-A=Kn (Kx-A) (2.5)

(cf. [Har7T7]).

Another interesting aspect of belief change was considered by Katsuno
and Mendelzon in [KM91b]. They argued that the AGM-type revision was
only adequate to describe a revision of knowledge about a static world, but
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not for recording changes in an evolving world. They called this latter type of
change update (operator: ¢), with erasure being its inverse operation. Their
axioms for belief update, stated below, presuppose the knowledge base K to
be representable by a single propositional formula, here also denoted by K:

KM-postulates for updating:

(KM ©1) K ¢ A implies A.
(KM 02) If K |= A then K0 A = K.
(KM ¢3) If K and A are satisfiable, then K ¢ A is also satisfiable.
(KM ©4) If K1 = K3 and A1 = Ay then K; 0 A} = Ky ¢ As.
(KM ©05) (K o A)A B implies K o (A A B).
(KM ¢6) If Ko Ay implies Ay and K ¢ Ay implies A; then Ko A1 = Ko A,.
(KM o7) If K is complete then (K ¢ A1) A (K ¢ Ag) implies K o (A; V As).
(KM 08) (K1 VEK3)oA=(Ki0A)V (Ky30A).

For a thorough discussion of these postulates and a comparison to AGM-
revision, cf. [KM91b].

An important representation result characterizing the AGM-revision was
established in [KM91la]. It made use of faithful assignments which assigns
to each propositional formula K a pre-order <y over the set of worlds (or
interpretations, respectively) (2 such that the following three conditions are
satisfied:

1. fw,w’ € Mod(K) then w <g w’ does not hold;

2. if w € Mod(K) and w’' ¢ Mod(K) then w <p w';
3. if K1 = K2 then <K1 = <K2§

where w < w’ means w <x w’ and not w’ <k w.

Thus faithful assignments identify the models of K with the <x-minimal
worlds without making any differences between these models.

Theorem 2.2.2 (Representation theorem [KM91a]). The revision ope-
rator x defines an AGM-revision in the sense of the postulates (AGM *1) -
(AGM *8) iff there exists a faithful assignment that maps each propositional
formula K to a total pre-order <k such that

Mod (K * A) = ming, (Mod (A)) (2.6)

A similar representation result for update was established in [KM91b].
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2.3 Nonmonotonic Reasoning and Belief Revision -
Two Sides of the Same Coin?

This question was raised and investigated by Géardenfors and Makinson in
[MG91] and [G&r92]. The similarities between nonmonotonic reasoning and
belief revision are evident — both fields are concerned with uncertain reaso-
ning, and the relationship between them is prima facie very plausibly esta-
blished by

ARB it TxAEB (2.7)

where T is some (classical) theory. In particular, each belief revision operation
gives rise to a nonmonotonic inference operation (or relation). Gérdenfors
and Makinson show in [MGY91] how postulates from one field translate via
(2.7) into properties of the other. But — although the relationship is close,
it is not perfect, due to essentially different focusses: In belief revision, the
theory T (cf. (2.7)) which is to be revised, is of central concern, whereas
in nonmonotonic reasoning, it is not mentioned at all! This flaw may be
partially remedied by considering the relation | as describing inferences
based on some fixed background knowledge T" so that (2.7) now reads

AN,B iff TxAEB

This idea of explicitly representing background knowledge, however, is not
dealt with in nonmonotonic reasoning. So belief revision should be conside-
red the more general approach, handling the full dynamics of belief more
thoroughly.

2.4 Iterated Revision, Epistemic States, and
Conditionals

Classical belief revision takes belief sets, i.e. deductively closed sets of pro-
positional formulas, or classical consequences of one propositional formula,
respectively, as basic representations of knowledge. These sets, however,
are only poor reflections of the complex attitudes an individual may hold.
The limitation to propositional beliefs severely restricts the frame of the
AGM theory, in particular, when iterated revision has to be performed (cf.
[DP97a, Bou93, BG93, Sch9l]). Instead of belief sets, epistemic states, ¥,
should be considered as representations of the cognitive state of some intel-
ligent agent at a given time.!

L An interesting approach to iterated revisions of belief sets was proposed quite re-
cently by Lehmann, Magidor and Schlechta in [LMSO01]. They base their revision
operations upon a formal notion of distance.
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Formally, epistemic states may be described in many different ways. A
very simple representation of an epistemic state is obtained by focusing on
the corresponding belief set, that is, on the propositions believed to be true
in that epistemic state, and by means of simple conditional functions (cf.
[Spo88]) recording its epistemological changes. Here the belief set is thought
of as being represented by one propositional formula, the so-called net content
of the epistemic state (cf. [Spo88]). Identifying propositions with subsets of
the set {2 of possible worlds, a simple conditional function f assigns to all
non-empty subsets A C {2 a non-empty subset of {2 such that

f(A) C A4; (2.8)
if f(A)NB#0 then f(ANB)=f(A)NB.

f(A) is to be interpreted as the net content of the changed epistemic state
when accepting the new information A to be true. Simple conditional func-
tions correspond to partitions of the set of worlds in equally plausible sets
of worlds (cf. [Spo88]) and thus to plausibility pre-orderings. The notion of
simple conditional functions was generalized to ordinal conditional functions
in [Spo88] to achieve a more adequate representation of epistemological atti-
tudes.

Furthermore, probability distributions are generally considered as a
particularly sophisticated means for representing epistemic states ([Gar88,
Spo88]). Another numerical approach to epistemic states is provided by pos-
sibility distributions ([DP91c, DP94, DLP94)).

The crucial difference between belief sets and epistemic states is that be-
sides the set of propositional beliefs, Bel(¥) C L, the individual accepts for
certain, an epistemic state ¥ also contains the revision policies the individual
entertains at that time (cf. [Bou93, BG93]). These revision policies reflect the
(propositional) beliefs, B, the individual is inclined to hold if new informa-
tion, A, becomes obvious. They are adequately represented by conditionals
(BJA), i.e. expressions of the form “If A then B”, conjoining two propositio-
nal formulas A and B for a plausible conclusion. So the conditional (B|A) is
accepted in the epistemic state ¥ iff revising ¥ by A yields belief in B. This
defines a fundamental relationship between conditionals and the process of
revision, known as the Ramsey test ([BG93, Gar88, Ram50)):

U= (B|A) iff Bel(FxA) =B (2.10)

where *x is a revision operator, taking an epistemic state ¥ and some new
belief A as inputs and yielding a revised epistemic state ¥x A as output. So in
the context of revision, a subjunctive meaning of conditionals fits particularly
well, in accordance with the Ramsey test: If A were true, B would be believed,
implicitly referring to a revision of the actual epistemic state by A.
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Hence epistemic states are intimately related with belief revision as well
as with conditionals, and so are the axioms of each of the three domains;
e.g. the properties (2.8) and (2.9) stated above for simple conditional fun-
ctions are essentially equivalent to the AGM-postulate (AGM *2) and to a
conjunction of (AGM *7) and (AGM *8), respectively. This implies also a
close connection between epistemic states and conditionals on one hand and
nonmonotonic reasoning on the other. For instance, simple conditional fun-
ctions may be regarded as so-called choice functions which Schlechta bases
his Nonmonotonic Logics [Sch97] upon. Furthermore, it is easy to show that
property (2.9) for simple conditional functions implies the condition

if BCA then f(A)NBC f(B)

which is crucial for characterizing minimal preferential structures (cf. [Sch97,
p. 13]). The relationships between these different areas have been studied in
several papers (see, for instance, [KS91, DP91a, Gra91]).

Extending belief revision to an operation on epistemic states instead of
belief sets opens up the framework to investigate iterated revision in a fully
dynamic system of belief change. As a first step towards this aim, Darwi-
che and Pearl generalized the AGM-revision postulates for revising epistemic
states by conditional beliefs (cf. [DP97a]):

AGM-Postulates for revising epistemic states [DP97a]

Suppose ¥, ¥, ¥; to be epistemic states and A, Ay, Ay, B € L;

If Bel(¥) A A is satisfiable, then Bel (¥ x A) = Bel(¥) A A.
If A is satisfiable, then Bel(¥ x A) is also satisfiable.

(

( *2)

( *3)

(AGM™ *4) If 3 = W5 and Ay = Ag, then Bel(¥; x A1) = Bel (W2 As).
( *5)

( *6)

5) Bel(¥ x A) A B implies Bel (¥ x (A A B)).

6) If Bel(¥ x A) A B is satisfiable then Bel(¥ x (A A B)) implies
Bel (¥ x A) A B.

Considered superficially, these postulates are exact reformulations of the
AGM-postulates with “belief sets” replaced by “belief sets of epistemic sta-
tes”. So the postulates above ensure that the revision of epistemic states is in
line with the AGM-theory as long as the revision of the corresponding belief
sets is considered. The most important new aspect in contrast to propositio-
nal belief revision is given by postulate (AGM™ *4): Only identical epistemic
states are supposed to yield equivalent revised belief sets. This is a clear but
adequate weakening of the corresponding AGM-postulate (AGM *4) which
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only would require the belief sets of ¥; and ¥, to be equivalent. This would
amount to reducing the revision of epistemic states to propositional belief re-
vision which is inappropriate since two different epistemic states ¥;, ¥s may
have equivalent belief sets Bel(¥;) = Bel (¥s). Thus an epistemic state is not
described uniquely by its belief set, and revising ¥; and W, with equivalent
belief sets by new information A may result in different revised belief sets
Bel (¥, % A) # Bel(¥2 x A), as the following example illustrates.

Ezample 2.4.1. Two physicians have to make a diagnosis when confronted
with a patient showing certain symptoms. They both agree that disease A is
by far the most adequate diagnosis, so they both hold belief in A. Moreover,
as the physicians know, diseases B and C might also cause the symptoms, but
here the experts disagree: One physician regards B to be a possible diagnosis,
too, but excludes C, thus accepting the conditionals (B|-A) and (-C|-4),
whereas the other physician is inclined to take C' into consideration, but not
B, so holding belief in (-B|-A) and (C|—-A).

Suppose now that a specific blood test definitely proves that the patient is
not suffering from disease A. So both experts have to change their beliefs, the
first physician now takes B to be the correct diagnosis, the second one takes
C for granted. Though initially the physicians’ opinions may be described by
the same belief set, {A}, they end up with different belief sets after revision.

It is important to note that Gérdenfors’ famous triviality result [G&r88|
complaining the incompatibility of the Ramsey test with some of the AGM-
postulates does not hold if conditional beliefs are considered essentially dif-
ferent from propositional beliefs, as is emphasized here and elsewhere (see,
for instance, [DP97a, Lev88]; cf. also [Lew76]). Therefore, obeying the dif-
ference between Bel(W¥;) = Bel(¥;) and ¥; = Wy makes the Ramsey test
compatible with the AGM-theory for propositional belief revision: Whereas
Bel(¥;) = Bel(¥:) only means that both epistemic states have equivalent
belief sets, ¥7, = W, requires the two epistemic states to be identical, i.e. to
incorporate in particular the same conditional beliefs as well as the same
propositional beliefs.

Darwiche and Pearl [DP97a] proved a representation theorem for their
postulates above which parallels the corresponding theorem in AGM-theory
(cf. [KM91a]), using a generalized notion of faithful assignments:

Definition 2.4.1. A faithful assignment (for epistemic states) is a function
that maps each epistemic state W to a total pre-order <y on the worlds §2
satisfying the following conditions:

(1) wy,wa = Bel(¥) only if wi = wa;
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(2) wy = Bel(¥) and wy = Bel(¥) only if wi <y wa;
for worlds wi,ws € 2 and epistemic states V.

As usual, w1 <y we means w1 <y wo and wy Ly wi; w1 =y wy iff W <y wo
and wo <y wq.

Theorem 2.4.1 ([DP97a]). A revision operator x satisfies postulates
(AGM™ *1) — (AGM™* *6) iff there exists a faithful assignment that maps
each epistemic state ¥ to a total pre-order <g such that

Mod (¥ x A) = min(A; ¥) := ming, (Mod (A))

where Mod () := Mod (Bel(¥)), i.e. the worlds satisfying Bel (¥ x A) are
precisely those worlds satisfying A that are minimal with respect to <y .

This theorem shows an important connection between the pre-ordering
<y associated with an epistemic state ¥ and the process of revising ¥ by
propositional beliefs. <y may be thought of as a plausibility (pre-)ordering
(or ranking, respectively) providing a representation of the epistemic state,
that is, as a total pre-order on the set of worlds satisfying conditions (1)-(2)
of Definition 2.4.1 and the so-called smoothness condition

min(A; W) # 0 for any satisfiable A € £ (2.11)

([BG93]), and such that Mod(¥) = ming, ({2). The smoothness condition
is also called limit assumption, see [Gro88, Lew73]. Such epistemic states
(¥, <y) correspond to Boutilier’s revision models, as described in [BG93].
Because we assume the numbers of possible worlds to be finite, the smoothn-
ess condition is trivially fulfilled. A more general approach to nonmonotonic
reasoning and belief revision makes use of an indexed set of possible worlds,
thus allowing infinitely many possible worlds (cf. [KLM90, Sch97, LMS01]).
In [Bou94], Boutilier considers revision based on pre-orders without requiring
the limit assumption. Other approaches to epistemic states and belief revision
(or nonmonotonic reasoning, respectively) are accomplished by considering
system of spheres [Gro88|, epistemic entrenchment orderings [Gar88] and ez-
pectation orderings [GM94]. Friedman and Halpern [FH99] emphasize the
need to clarify the ontology underlying a belief change process. They present
an approach to model dynamic revisions of epistemic states.

Using the Ramsey test (2.10) , Theorem 2.4.1 immediately yields

Lemma 2.4.1. A conditional (B|A) is accepted in an epistemic state (¥, <y)
iff all minimal A-worlds satisfy B, i.e.

U E (BJA) iff min(4;¥) C Mod(B)
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Thus the pre-order <y encodes the conditional beliefs held in ¥. For two
propositional formulas A, B, we define

A<y B

iff for all w € min(A4;V¥), W' € min(B;¥), we have w <y «’, i.e. iff the
minimal A-worlds are at least as plausible as the minimal B-worlds. <y is
a plausibility relation in the sense of Grove (cf. [Gro88, Bou94]), hence dual
to an epistemic entrenchment relation? (see [G#r88]). Using this, the lemma
above may be reformulated as

Lemma 2.4.2. A conditional (B|A) is accepted in an epistemic state (¥, <y )
iff AB <y AB.

In particular, we have (see Definition 1.3.1)

Corollary 2.4.1. Let w,w’ € 2 be two different worlds, let (¥,<g) be a
representation of an epistemic state.

U = (form (w)|form (w,w")) iff w <g W'.

Belief revision of an epistemic state, however, should not only deal with
the revision of propositional beliefs but also with the modification of the revi-
sion strategies maintained in that state ([DP97a, Bou93, BG93]). Therefore,
taking these revision strategies as conditionals, revision of epistemic states
should be concerned with changes in conditional beliefs and, the other way
around, with the preservation of conditional beliefs.

Investigating iterated revision, Darwiche and Pearl [DP97a] explicitly
took conditional beliefs into account, and they advanced four postulates in
addition to the AGM axioms to model what may be called conditional pre-
servation under revision by propositional beliefs:

DP-postulates for conditional preservation:

(C1) IfC' =B then ¥ |= (D | C) if W x B = (D | C).
(C2) fCEBthen ¥ = (D|C)if B = (D | C).
(C3) If ¥ |= (B | A) then ¥+ B |= (B | A).
(C4) It W B = (B | A) then ¥ = (B | A).

For discussion of these postulates, see the original paper [DP97a].

2 Rott [Rot91] investigates belief revision and conditionals within the framework
of epistemic entrenchment relations.
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2.5 Probabilistic Reasoning — The ME-Approach

Though probability distributions have long been appreciated as high-quality
representations of epistemic states, probabilistic belief change has not really
been a major topic of the field. This is mainly due to the following reasons:

— Probabilistic beliefs are much more difficult to deal with than propositional
beliefs.

— Probabilistic deduction is complicated, and unfortunately, in many inte-
resting cases quite meaningless (cf. [Nil86, TGK91]).

— Even in probabilistic belief change, the paradigm has generally been to
establish beliefs for certain, i.e. with probability 1 ([G&ar88, DP94]). Two
revision operations have been proposed for this purpose: (Bayesian) con-
ditioning and imaging (cf. [G&r88)).

A thorough treatment of uncertain probabilistic beliefs has not yet taken
place within the area of belief revision theory, most of the work in describing
and classifying belief change operations has been done for belief sets based on
classical logics. Gérdenfors [Gar88] and Dubois and Prade [DP94] developed
some axioms for probabilistic belief change, being mostly concerned with revi-
sing in the sense of establishing facts for certain. While Géardenfors, however,
claimed that conditioning corresponds to expansion (and thus to a certain
case of revision) in a probabilistic framework (cf. [Gar88, pp. 105 ff]), Du-
bois and Prade emphasize that conditioning is not revising but focusing, i.e.
applying generic or background knowledge to the reference class describing
properly the case under consideration. Paris [Par94] and Voorbraak [Voo96a]
also consider probabilistic belief revision in the case of uncertain evidences.
An important approach to default probabilistic reasoning was developed by
Adams [Ada75]. His e-semantics satisfies some basic inference schemes for
nonmonotonic reasoning and proved to yield proper respresentations of sy-
stem P-inferences (cf. [KLM90]; see also [Pea89]). For a brief overview of
qualitative probabilistic reasoning, see [Gol94].

Nevertheless, probabilistic reasoning and probabilistic belief change has
been investigated from different point of views in the long tradition of pro-
bability theory (for surveys, see, for instance, [Pea88, Par94]).

As a generalization of standard Bayesian conditioning, Jeffrey conditiona-
lization allows one to modify a probability distribution so as to incorporate
a changed propositional probability ([Voo96a, Jef83, Par94]): Let P denote a
probability distribution, and let A € £ be a proposition such that P(A) # 0.
Suppose we learn that the probability of A has changed to x: P’(A) = x. Then
a revised probability function, P’, taking into account the new information
while obviously being related to the prior P is given by Jeffrey’s rule:
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P'(B) = 2P(B|A) + (1 — 2)P(B|-A) (2.12)

for all propositions B € L. Note that for x = 1, we obtain Bayesian conditio-
ning. The rationale behind Jeffrey’s rule was to preserve conditional degrees
of belief with respect to A and —A, i.e. the Jeffrey conditionalization as given
n (2.12) satisfies

P'(B|A) = P(B|A) and P'(B|-A) = P(B|-A)

for all B € L. So, many years before nonmonotonic reasoning and belief revi-
sion became important topics in Artificial Intelligence, not only had the issue
of belief change been addressed in probability theory, but also the necessity of
conditional preservation when revising epistemic states had been perceived.

Jeffrey conditionalization, however, is only capable of dealing with one
factual uncertain evidence. It is not apt to manage changes in conditional
probabilities, nor to adopt a set of uncertain facts simultaneously (cf. [PV92]).

A powerful tool to realize general changes in probabilistic beliefs has long
been available: the principle of minimum cross-entropy. The entropy

ZP ) log P(w)

wes?

(with the convention 0log0 = 0) of a distribution P first appeared as a phy-
sical quantity in statistical mechanics and was later interpreted by Shannon
as an information-theoretic measure of the uncertainty inherent to P (see
[SW76]; for a historical review, cf. [Jay83a]). It is generalized by the notion

of cross-entropy
w
IO
wes

(with 0log 3 = 0 and Q(w)log % = oo for Q(w) # 0) between two distri-
butions @ and P. If Py denotes the uniform distribution Py(w) = 1/m for all
worlds w, then

R(Q, Py) = —H(Q) + logm
relates absolute and relative entropy.

Cross-entropy is a well-known information-theoretic measure of dissimi-
larity between two distributions and has been studied extensively (see, for
instance, [Csi75, HHJ92, Jay83a, Kul68]; for a brief, but informative intro-
duction and further references, cf. [Sho86]; see also [SJ81]). Cross-entropy
is also called directed divergence since it lacks symmetry, i.e. R(Q, P) and
R(P,Q) differ in general, so it is not a metric. But cross-entropy is posi-
tive, that means we have R(Q,P) > 0, and R(Q,P) = 0 iff Q = P (cf.
[CsiT5, HHJ92, Sho&6]).
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Consider the probabilistic belief revision problem

(*prob) Given a (prior) distribution P and some set of probabilistic conditio-
nals R = {(B1]A41) [z1], ..., (Bu|An) [24]} € (£ | £)P™, how should
P be modified to yield a (posterior) distribution P* with P* |=R?

When solving (s,0p), the paradigm of informational economy, i.e. of minimal
loss of information (see [G&r88, p. 49]), is realized in an intuitive way by
following the principle of minimum cross-entropy

min R(Q,P) = > Q(uw QW) (2.13)

wen )
s.t. @ is a probability distribution with Q E R

For a distribution P and some set R of probabilistic conditionals compatible
with P (cf. [Csi75] or Definition 5.1.1 for the details) there is a (unique)
distribution Py = Pyg(P,R) that fulfills R and has minimal relative en-
tropy to the prior P (cf. [Csi75]), i.e. Pyg solves (2.13) and thereby (#prop)-
Note that (#p.05) exceeds the framework of the classical AGM-theory with
regard to several aspects: an epistemic state (P) is to be revised by a set of
conditionals representing uncertain knowledge.

Maximizing (absolute) entropy under some given constraints R is equi-
valent to minimizing cross-entropy with respect to the uniform distribution,
given R. Therefore, the principle of minimum cross-entropy can be regarded
as more general than the principle of mazximum entropy

max H(Q ZQ ) log Q(w) (2.14)
s.t. Qis a probablhty distribution with @ = R.

which solves the problem of representing R by a probability distribution
without adding information unnecessarily. We refer to both principles as the
ME-principle, where the abbreviation MFE stands both for Minimum cross-
Entropy and for Maximum Entropy.

So, if R is a set of conditionals, each associated with a probability, then the
“best” distribution to represent R is the one which fulfills all conditionals in
R and has maximum entropy. By an analogous argument, if prior knowledge
given by a distribution P has to be adjusted to new probabilistic knowledge
R, the one distribution should be chosen that satisfies R and has minimum
relative entropy to P.

To justify the ME-principles, a couple of authors have demonstrated
their usefulness from points of views outside of information theory. So, op-
timizing entropy is known to yield best expectation values in statistics (cf.
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[GHK94, Jay83al]). Two other papers [PV90, SJ80] are concerned with cha-
racterizing the ME-principles as logically consistent inference methods, too.
Shore and Johnson [JS83, SJ80], succeeded in proving (cross-)entropy to be
the only functional the optimization of which satisfies four (resp. five) fun-
damental axioms of probabilistic inference. A similar result is attained for
entropy in [PV90] by Paris and Vencovskd without assuming that inference
is performed by optimizing a functional, rather basing their characterization
on seven postulates. In a further paper [PV92], they justify the principle of
minimum cross-entropy as an appropriate method to update a probability
function by new uncertain evidence. Independence and invariance properties
are in the first place among the properties these authors used for characteri-
zing ME-reasoning. This justifies ME-inference as an inference procedure of
minimal changes, but little was said about the nature or the extent of changes
actually occurring under ME-adjustment.

Applying the ME-principles means to use an appropriate notion of di-
stance for choosing a “best” representation of new beliefs. In this context,
it is interesting to mention the paper of Lehmann, Magidor and Schlechta
[LMSO01] supposing propositional revisions to be obtained from a formal
(pseudo-)distance.



3. Conditionals

This chapter is dedicated to conditionals as objects of crucial concern for
knowledge representation, plausible reasoning and belief revision. The relati-
onship between conditionals, epistemic states and beliefs is studied, and we
develop the formal means to handle conditionals in revision and reasoning.
In particular, we explain how conditional structures, imposed by conditionals
on worlds, can be represented appropriately to investigate interrelated effects
of conditionals.

Parts of the ideas to be developed here can also be found in other papers
(see, for instance, [KI98a, KI199¢]), but most of the results presented in this
chapter are new.

3.1 Conditionals and Epistemic States

Conditionals (B|A) represent statements of the form “If A then B” conjoi-
ning two propositional formulas A, the antecedent or premise, and B, the
consequent. A lot of different approaches to a logic of conditionals have been
made (see, for instance, [Nut80, Lew73, DGC94, GGNR91]), also aiming at
reflecting more general relationships between antecedent and consequent so
as to capture the manifold meanings of commonsense conditionals. In general,
conditionals are used to describe plausible relationships between antecedent
and consequent. Besides such qualitative approaches, the validity of condi-
tionals may be quantified by degrees of certainty (see [Cal91]). Cox [Cox46]
argued that a logically consistent handling of quantified conditionals is only
possible within a probabilistic framework, where the degree of certainty as-
sociated with a conditional is interpreted as a conditional probability (which
should not be confused with assigning a probability to the conditional as a
logical sentence, cf. [Lew76]; for a rigorous discussion of Cox’s Theorem, cf.
[Hal99a, Hal99b)).

Conditionals may be given a lot of different interpretations, for instance,
as counterfactuals, as indicative, subjunctive or normative conditionals etc.
(see [Nut80, Bou94]). Independently of its given meaning, however, a condi-

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pjj-7-52, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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tional (B|A) can be represented as a generalized indicator function on worlds,
setting

1 :+ wEAB
(BlA)(w)=4q 0 : wgEAB (3.1
u : wkEA

where u stands for undefined (cf. [DeF74, Cal91]). Two conditionals are con-
sidered equivalent iff the corresponding indicator functions are identical, i.e.

(BJ|A)=(D|C) it A=Cand AB=CD
(cf. [Cal9l])

This definition captures excellently the three-valued, thus non-classical
character of conditionals. According to it, a conditional (B|A) is a function
that polarizes AB and AB, leaving A untouched. Each possible world w either
confirms (B|A), or refutes it, or is of no relevance for it. So conditionals
are evaluated with respect to worlds, but considering only single, isolated
worlds is not enough to decide if a conditional (as an entity) is accepted or
not. To validate conditionals, we need richer epistemic structures than plain
propositional interpretations, at least to compare different worlds with regard
to their relevance for a conditional (see, for example, [Nut80, Bou94, DP97a]).

An epistemic notion that turned out to be of great importance for condi-
tionals as well as for belief revision is that of plausibility: conditionals are sup-
posed to represent plausible conclusions, and plausibility relations on formu-
las or worlds, respectively, guide AGM-revisions (cf. [Nut80, KM91a, DP97a];
for investigating the deep connection between conditional logic and belief re-
vision theory, see, for instance, [Gro88, FH94]; cf. also Section 2.4, in parti-
cular the Ramsey test (2.10)). So we assume epistemic states ¥ appropriate
to study conditionals and belief revision to be at least equipped with a plau-
sibility pre-ordering (ranking) <y on worlds (cf. Section 2.4).

There are others, more sophisticated methods to represent epistemic at-
titudes; among these appreciated representation forms for epistemic states
are probability functions, ordinal conditional functions, OCFs and possibility
distributions ([Gar88, Spo88, DP97a, DP94]):

Definition 3.1.1. A probability function (or probability distribution) is a
map

P:2—10,1]
such that

Y Plw) =1

wen

Each probability function obviously induces a probability measure on 2%
and vice versa, and to each propositional formula A € L, a probability may
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be assigned by setting

P(A)=) Pw)

wlEA

The set of propositional formulas with probability 1 constitutes the belief set
of P:
Bel(P)={Aec L]|P(A) =1}

Probabilities of conditionals are defined via conditional probabilities

P(AB)
P(A)

P(BJA) =
for P(A) # 0.

Probability distributions are generally considered to be most adequate
representations of epistemic states ([Gar88, Spo88]). They use the full scope
of real numbers between 0 and 1 to specify knowledge, but they are also
burdened with a lot of numbers. As a qualitative abstraction of probability
functions, Spohn [Spo88] introduced ordinal conditional functions:

Definition 3.1.2. Ordinal conditional functions (OCF’s, ranking functions)
are functions k from worlds to ordinals such that some worlds are mapped to
the minimal element 0.

Throughout this book, we will simply assume that OCF’s are functions
from the set of worlds to the natural numbers, extended by 0 and oc:

k12— NU{0,00},

where oo corresponds to the ordinal wgy. Ordinal conditional functions not
only induce a plausibility pre-order on the set 2 of worlds by w; <, wo iff
k(w1) € K(wa), but furthermore, they specify non-negative integers as degrees
of plausibility — or, more precisely, as degrees of disbelief — to worlds. The
smaller k(w) is, the more plausible the world w appears, and what is believed
(for certain) in the epistemic state represented by « is described precisely by
the set Mod (k) := {w € 2 | k(w) = 0}, and consequently,

Bel(k) ={A € L]|wkE Afor allw € Mod(k)}
For propositional formulas A, B € L, we set
k(A) = min{k(w) |w E A},

so that
k(AV B) = min{k(A), k(B)}.
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In particular, 0 = min{x(A), x(A)}, so that at least one of A or A is conside-
red mostly plausible. A proposition A is believed iff x(A4) > 0 (which implies
k(A) = 0), so that A is believed iff Bel(x) = A. We abbreviate this by x = A.
Therefore, ordinal conditional functions not only allow us to compare worlds
according to their plausibility but also to take the relative distances between
them into account. So they can be considered as a refinement of the concept of
simple conditional functions (cf. [Spo88]; see Section 2.4). For the connections
between ordinal conditional functions and qualitative probabilistic reasoning,

cf. [Spo88, DP97a, GP96.

A conditional may be assigned a degree of plausibility via

0 : k(AB)

<
k(B|A) = k(AB) — k(A) = { k(AB) — k(AB) : k(AB) >

Plausibility relations are dual to epistemic entrenchment relations ([Gro88,
Bou94]) which are essentially equivalent to qualitative necessity relations
([DP91c, Hoc99]). The quantitative counterpart of necessity relations are ne-
cessity measures ([Dub86]) the dual of which are possibility measures, i.e. fun-
ctions IT : £ — [0, 1] observing logical equivalence and such that II(T) = 1,
II(L1) =0 and

II(AV B) =max(II(A),II(B)) (3.2)
(cf. [DLP94]). Each possibility measure IT is determined by its values on

possible worlds,
1I(A) = max I ({w}),

due to (3.2). Functions 7 : 2 — [0, 1], 7(w) = II({w}), are also called possi-
bility distributions. A conditional possibility may be defined by setting

[I(AB)

H(BIA) = 75

(3.3)

for IT(A) # 0 (cf. [DP94]). For the relationships between possibility theory
and both probability theory and ordinal conditional functions, see [DP94].

If V is the set of atomic propositions under consideration, then let &
be the set of all representations of epistemic states over V of a certain type.
For example, within a probabilistic framework, &, would be the set of all
probability distributions on V. As soon as the type of representation for
epistemic states is fixed, we will not distinguish between an epistemic state
and its representation by an element of £3;. Furthermore, two epistemic states
will be considered equivalent if they are represented by the same element in
&y So the type of representation chosen is assumed to reflect all relevant
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knowledge held in an epistemic state. Note that an epistemic state is supposed
to be a state of equilibrium which contains all explicitly stated as well as
all implicitly derived knowledge ([G&r88]). This then demands a complete
representation of epistemological knowledge.

To each type of representation of epistemic states, we choose a language
(L | £)" that allows a suitable notation of conditionals which is in accor-
dance with the intended representation of epistemic states. Therefore, for
instance, for probability distributions and ordinal conditional functions, we
take (£ | £)* = (L] £)"™" and (£ | £)* = (£ | £)°°F, respectively, where

(L1L)"™" = {(BlA)[z]| A,B e L,z e0,1]}
and (£]£)°°" = {(B|A)[n]| A, BeL,neNU{0,00}}.

In a purely qualitative setting, (£ | £)* = (£ | L) seems to be appropriate.
In correspondence to classical definitions, we set

Th*(W) ={p € (L|L)" |V = ¢}

to denote all conditionals accepted in the epistemic state ¥. Here the accep-
tance relation = between epistemic states in &£ and conditionals has to be
specified appropriately. We will deal with this in detail in Section 3.3.

We further assume (uniqueness assumption) that Th*(¥) describes ¥ uni-
quely (up to representation equivalence):

Th*(®) = Th*(F) iff &= in & (3.4)

This holds for all the representation types mentioned above, which is easy to
see in a quantitative environment, and for plausibility pre-orderings <y, we
have w <y W' iff (w|form (w,w’)) € Th*(¥). In general, this assumption is
justified taking the view that an epistemic state is describable as a response
scheme to changes in belief and by observing the Ramsey test (cf. Section 2.4).

3.2 Conditional Valuation Functions

What is common to probability functions, ordinal conditional functions, and
possibility measures is, that they make use of two different operations to
handle both purely propositional information and conditionals adequately.
Therefore, we will introduce the abstract notion of a conditional valuation
function to reveal more clearly and uniformly the way in which knowledge
may be represented and treated within epistemic states. As an adequate
structure, we assume an algebra A = (A, @, ®, 04, 14) of real numbers to be
equipped with two operations, & and ®, such that
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— (A, ®) is an associative and commutative structure with neutral element
OA.

— (A —{04},®) is a commutative group with neutral element 14;

— the rule of distributivity holds, i.e.

TOYDd2)=(r0yY) (0O z2)

for z,y,z € A;
— A is totally ordered by <4 which is compatible with & and ® in that

xr <Ay implies r@z<AaYDd2 (3.5)
r<qy implies TOzLAYO2

hold for all z,y,z € A.

So A is nearly an ordered field, except that the elements of A need not be
invertible with respect to &.

Definition 3.2.1. A conditional valuation function is a function
VLA

from the set L of formulas into the algebra A satisfying the following condi-
tions:

1. V(L) =04, V(T) =14, and for exclusive formulas A, B (i.e. AB = 1),
we have
V(AV B)=V(A) @ V(B);

2. for each conditional (B|A) € (L | £) with V(A) # 04,
V(B|A) = V(AB)® V(A)™, (3.7)
where V(A)~! is the ®-inverse element of V(A) in A.

Conditional valuation functions assign degrees of certainty, plausibility,
possibility etc. to propositional formulas and to conditionals. Making use of
two operations, they provide a framework for considering and treating condi-
tional knowledge as fundamentally different from propositional knowledge, a
point that is stressed by various authors and that seems to be indispensable
for representing epistemic states adequately (cf. [DP97a]). There is, however,
no deep conflict between these two different kinds of knowledge (that would be
unintuitive, even disastrous) — conditionals should rather be regarded as ex-
tending propositional knowledge by a new dimension, and facts may be consi-
dered as conditionals of a degenerate form by identifying A with (A | T). Note
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that conditional valuation functions also take this compatibility into account:
According to Definition 3.2.1, we have V(A|T) = V(A) © (1V)~1 = V(A).

For each conditional valuation function V', we have

via) =3 VW)

wEA

so V is determined uniquely by its values on interpretations or on possible
worlds, respectively, and we will also write V : 2 — A. For all A € A, we
have 04 <4 V(4) <4 14

Plausibility relations, as defined in [Gro88] (see also [Bou94]), are most
appropriate for representing epistemic states and conditionals qualitatively.
But such relations do not really fit the numerical framework of probability
theory. So we need a more general notion to integrate conditional valuation
functions in the field of nonmonotonic reasoning and belief revision. It is easy
to see that any such function V' : £ — A is a plausibility measure, in the sense
of Friedman and Halpern, ([FH96, Fre98]), that is, it fulfills V(1) <4 V(A)
for all A€ £, and A = B implies V(A) <4 V(B).

Two notions which are well-known from probability theory may be gene-
ralized for conditional valuation functions:

Definition 3.2.2. A conditional valuation function V is said to be uniform
if V(w) =V () for all worlds w,w’.

So uniform conditional valuation function assign the same degree of plau-
sibility to each world.

Definition 3.2.3. Let V be a conditional valuation function, let A, B,C € L
such that V(C) # 04. A and B are called conditionally independent given
C' (with respect to V') if V(A|BC) = V(A|C).

Some important examples will help to illustrate the newly introduced
notion of a conditional valuation function:

Ezxample 3.2.1. Each probability function P may be taken as a conditional
valuation function
P:0Q— (Rt +,-,0,1)

where RT denotes the set of all non-negative real numbers. Conversely, each
conditional valuation function V : 2 — (R, +,-,0,1) is a probability func-
tion.

Similarly, each ordinal conditional function k is a conditional valuation
function
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K: 2 — (Z U {oo}, min, +, 00, 0)

where Z denotes the set of all integers, and any possibility measure II can be
regarded as a conditional valuation function

IT: 2 — (RT max,-,0,1).

Conditional valuation functions not only provide an abstract means to
quantify epistemological attitudes. Their extended ranges allow us to calcu-
late and compare arbitrary proportions of values attached to single worlds.
This will prove quite useful to handle complex conditional interrelationships.

Probability functions and ordinal conditional functions will serve as our
standard examples for conditional valuation functions.

3.3 Conditional Valuation Functions and Beliefs

By means of a conditional valuation function V' : £ — A, we are able to
validate propositional as well as conditional beliefs. We may say, for instance,
that proposition A is believed in V, V = A, iff V(A) = 14, or that the
conditional (B|A) is valid or accepted in V, V = (B|A), iff V(A) # 04 and
V(AB) <4 V(AB), i.e. iff AB is more plausible (probable, possible etc.)
than AB.

If V = P is a probability function, then saying that A is believed is usually
associated with P(A) = 1. On the other hand, the qualitative statement “the
conditional (B|A) is valid in P” might be accepted iff P(AB) < P(AB). But
both these points of views prove to be not compatible with one another when
considering propositional beliefs, A, as degenerate conditional beliefs (A|T).

If V = £ is an ordinal conditional function, then stating that x(A) = 0 is

not sufficient for establishing belief in A — we must have x(A) > 0, which is

equivalent to stating k(A4) < k(A) and thus compatible to the acceptance of
A as a degenerate conditional belief.

In a quantitative framework, it is possible — and sometimes appears to be
more adequate (see, for instance, [Spo88, FH99]) — to specify knowledge more
exactly by making use of quantified facts Alz], and quantified conditionals
(B|A) [z], respectively, where x is an element of A.

In accordance with the remarks above and with generally agreed points
of views, we say that a conditional (B|A)[z] with « € [0,1] is walid in or
accepted by a probability function P,

PE(B|A)[z] iff P(A)>0and P(B|A) = z. (3.8)

In particular, we obtain for facts A[z],z € [0,1],
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P Alz] iff P(A) == (3.9)

Observing that ordinal conditional functions k specify degrees of disbelief,
a conditional (B|A)[n] with n € NU {oo} is valid in or accepted by k,

k= (B|A)[n] iff k(B|A) =n. (3.10)

For facts A[n],n € NU {co}, this means

k= An] iff k(A) =n. (3.11)

This is exactly what Spohn [Spo88, p. 117] calls “A is believed in k with
firmness n”.

Note that the exact specification of which beliefs and conditionals are
accepted depends upon the type of the valuation function used. We will return
to this issue later in the context of revision (see Section 4.3).

For probability functions as well as for ordinal conditional functions, it is
possible to use the notion of validity more vaguely by using inequalities in-
stead of equalities (see, for example, the system Z* by Goldszmidt and Pearl
[GP96]). Here we prefer a crisp validity not only for formal reasons (in fact,
stronger results hold e.g. for the optimum entropy approach in the case of
equality constraints, cf. [SJ81]). If we follow consequently the argumentation
of Spohn [Spo88] that not only do qualitative relations matter in representing
epistemic attitudes but also distances between degrees of plausibility, then
this same argument should apply to conditionals, too, and we should con-
sider assigning numerical degrees of disbelief to conditionals as meaningful.
Similarly for probability functions, statements such as “a conditional (B|A)
holds with probability 0.8” or “a conditional (B|A) holds with probability
0.99”, respectively, are usually taken as two different pieces of information.
Nevertheless, using inequality constraints may be very important and useful
in modelling vague or incomplete knowledge.

Let (L | L)A be the set of all conditionals quantified by elements of A:
(L1 L)* ={(BlA)[2] | (B|A) € (£ ] £),z € A}

Sets of quantified conditionals will sometimes be marked by a suitable su-
perscript, for instance, by R4 in general, or by RP™ C (£ | £)”™", or by
ROCF C (L] £)°°F etc. in corresponding settings. Quantified conditionals in
(£ | £)P™" will be called probabilistic conditionals, and those in (£ | £)°°F
will be called OCF-conditionals.



36 3. Conditionals

3.4 A Dynamic View on Conditionals

Independently of its associated meaning — indicative, subjunctive, counter-
factual, etc. —, a conditional (B|A) is an object of a three-valued nature,
partitioning the set of worlds {2 in three parts: those worlds satisfying A A B
and thus confirming the conditional, those worlds satisfying A A =B, thus
refuting the conditional, and those worlds not fulfilling the premise A and
so which the conditional may not be applied to at all (cf. representation
(3.1), p. 28). So we define the affirmative set and the conflicting set of the
conditional (B|A) to be

(BlJA)* = {weR|wk AB} = Mod(AB),
(BJA)~ = {weR|wk AB} = Mod(AB),

respectively. Mod (A) is called the neutral set of (B|A). Each of these sets
may be empty. If (BJA)™ =0, (B|A) is called contradictory, if (B|A)~ = 0,

(B|A) is called tautological, and if Mod(A) = (), (B|A) is called a fact.

Ezample 5.4.1. (A|A) is a contradictory conditional, (A|A) is tautological
and (A|T) is a fact.

The following lemma is only a reformulation of equivalence by using the
introduced notions of affirmative and conflicting sets:

Lemma 3.4.1. Two conditionals (B|A), (D|C) are equivalent iff their cor-
responding affirmative and conflicting sets are equal, i.e.

(Bl4) = (D|C) iff (B|A)" = (DIC)" and (B|A)~ = (D|C)".

Definition 3.4.1. A conditional (D|C) is called a subconditional of (B|A),
written as
(D|C) T (B|A)

iff
(DIC)* € (BIA)" and (DIC)" C (BJA)~

Thus (D|C) C (B|A) if the effect of the former conditional on worlds is
in line with the latter one, but (D|C') applies to fewer worlds. The C-relation

may be expressed using the standard ordering < between propositional for-
mulas: A < Biff A B, ie. iff Mod(A) C Mod(B):

Lemma 3.4.2. Let (B|A),(D|C) € (L | L). Then (D|C) is a subconditional

of (B|A), (D|C) C (B|A), iff CD < AB and CD < AB; in particular, if
(D|C) C (BJA) then C < A.
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The proof of this lemma is straightforward, and also the following lemmata
are easily proved:

Lemma 3.4.3. For any two conditionals (B|A) and (D|C),
(BlA) = (DIC) iff (B|A) E (D|C) and (D|C) E (B|A).

Lemma 3.4.4. The relation C defines a pre-ordering on (L | L), i.e. a refle-
zive and transitive relation, and induces an ordering on the set of equivalence
classes (L | L)/= with minimal element (T|L) and mazimal elements (A|T),

AelL.

So we have a unique minimal element (an equivalence class of conditionals,
respectively) in (£ | £), namely (T|L), whereas all the facts are maximal
elements in (£ | £).

Therefore for any two conditionals (B|A), (D|C) € (L | £), the infimum
in (£ | £) with respect to C
(B]A) 1 (D|C) = inf{(B[A), (D|C)}
exists. The supremum of both conditionals, however,
(B]A) U (D|C) := sup{(B|A), (D|C)}
only exists if
ABCD = ABCD = | (3.12)
holds, for otherwise (B|A)* U (D|C)" and (B|A)~ U (D|C)~ would not be
disjoint.

Lemma 3.4.5. The supremum (B|A) U (D|C) of two conditionals (B|A)
and (D|C) exists iff there is a conditional (F|E) such that both (B|A) and
(D|C) are subconditionals of (F|E).

In particular, each non-tautological and non-contradictory conditional can
be represented as the supremum of its basic subconditionals:

Definition 3.4.2. Basic conditionals are conditionals of the form

Yo = (form (w)|form (w,w’)) (3.13)
for any two worlds w,w’ € 2 (cf. Definition 1.3.1, p. 9).

Lemma 3.4.6. Let (B|A) € (L | L) be a non-tautological and non-contra-
dictory conditional. Then

BlA = || tuw (3.14)
b E(BIA)

where Y, . is defined by (3.13).
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Lemma 3.4.7. For any two non-tautological and non-contradictory condi-
tionals (B|A), (D|C), it holds that (D|C) C (B|A) iff ¥y T (BJA) for all
basic subconditionals 1, . of (D|C).

We omit the straightforward proof of the foregoing lemma and the tech-
nical proofs of Lemma 3.4.8 and Proposition 3.4.1.

Lemma 3.4.8. Let (B|A),(D|C) € (L | L). Then
(B|A)n (D|C) = (BD | AC(BD Vv B D)), (3.15)
and if ABCD = ABCD = L, then
(BIA)U(D|C)=(ABVCD| AV Q). (3.16)

Note that even if ABCD = ABCD = 1 does not hold, (3.16) defines an
operation on conditionals which, however, does not coincide with the supre-
mum of the corresponding conditionals in this case.

Ezample 3.4.2. Consider the (non-tautological) conditionals (B|A) and (B|A)
violating condition (3.12). A blind application of (3.16) yields (B|A) U
(B|A) = (A|A), but (A|A)~ = 0, so (A|A) cannot be the supremum of
(B|A) and (B|A).

Proposition 3.4.1. U and M, as defined by (3.16) and (3.15), are associative
and distributive operations on (L | L), if all required suprema exist.

Though (L | £), equipped with LI and M, has some convenient algebraic
properties, it is not a lattice, because the supremum (B|A) U (D|C) is not
defined for arbitrary conditionals (B|A) and (D|C). In particular, it is not
a Boolean algebra. But this should not be considered a disadvantage. The
relation C is not aiming at managing the logical properties of conditionals
but at capturing their dynamic effects on worlds. (That is exactly the reason
why the application of U fails in the example above.) And this effect on
worlds is a crucial factor in the framework of (conditional) belief revision.
Establishing a conditional (B|A) within an epistemic state ¥ means shifting
(some) worlds in (B|A)* and (B|A)~ appropriately. Therefore the changes
brought about by conditional revision depends on a world’s being in one of
the sets (B|A)", (B|A)~ and Mod (A).

We will now introduce another relation between conditionals that is quite
opposite to the subconditional relation and so describes another extreme of
possible interaction:
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Definition 3.4.3. Suppose (B|A),(D|C) € (L] L) are two conditionals.
(D|C) is called perpendicular to (B|A),

(D|C)1L(B|A)
iff either Mod (C) C (B|A)*, or Mod(C) C (B|A)~, or Mod(C) C Mod (A).

The perpendicularity relation symbolizes a kind of irrelevance of one con-
ditional for another one. We have (D|C)1L(B|A) if Mod(C), i.e. the range of
application of the conditional (D|C), is completely contained in exactly one
of the sets (B|A)*,(B|A)~ or Mod(A). So for all worlds which (D|C) may
be applied to, (B|A) has the same effect and yields no further partitioning.
Note, that |l is not a symmetric relation; (D|C)IL(B|A) rather expresses
that (D|C) is not affected by (B|A), or, that (B|A) is irrelevant for (D|C).

The following two lemmata provide characteristic properties of the per-
pendicularity of conditionals (only the second lemma is proved in the Appen-
dix):

Lemma 3.4.9. Let (B|A),(D|C) € (L | L). Then (D|C)1(B|A) iff either
C < AB, or C < AB, or C < A.

Lemma 3.4.10. Let (B|A),(D|C) € (L|L) be conditionals, and let
(D|C) be neither tautological nor contradictory. Then (D|C) L (B|A) iff
Y w AL (B|A) for all basic subconditionals 1, ., T (D|C) of (D|C).
Because of Lemmata 3.4.7 and 3.4.10, one may say that in most cases,
the relations C and || may be checked by considering basic subconditionals.

In the following section, we will pursue the idea of conditionals having
effects on worlds further. As an interesting generalization, however, we will
deal with sets of conditionals instead of regarding only one conditional at a
time.

3.5 Conditional Structures

Due to their non-Boolean nature, conditionals are rather complicated objects.
In particular, it is not an easy task to handle the relationships between them
S0 as to preserve conditional dependencies “as far as possible” under adap-
tation. To make the problem clear and to point out a possible way to solve
it, we give an example which is taken from [Whi90] and which illustrates a
phenomenon also well-known under the name “Simpson’s paradox”.
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Ezample 3.5.1 (Florida murderers). This example is based on a real life in-
vestigation. During the six years period 1973-79, about 5000 murder cases
were recorded in the US state of Florida, and the following probability distri-
bution P mirrors the sentencing policy in those years (for further references,
cf. [Whi90, pp. 461]). The propositional variables involved are V = Victim (of
the murder) is black or white, respectively, v € {vp, vy} , M = Murderer is

black or white, respectively, mm € {my,, my} , and D = Murderer is sentenced
to Death, d € {d,d}.

w P(w) w P(w)

VMapd | 0.0151 || vymyd | 0.4353
vempd | 0.0101 || v,mpd | 0.0502
Vp M d 0 vpmyd | 0.0233
vpmpd | 0.0023 || vympd | 0.4637

Thus P implies
P = (dlmy,)[0.0319] and P = (d|my)[0.0236],

so justice seemingly passed sentences without respect of color of skin. Diffe-
rences, however, become strikingly apparent if the third variable V', revealing
the color of skin of the wictim, is also taken into account:

P (dlvyma)[0.0335], P = (d|vwms)[0.1675],
P = (dlvymy)]0], P = (d|vymy)[0.0049].

If, for instance, the probability of the conditional (d|m;)[0.0236] is to be
changed, the probabilities of the conditionals (d|v7h) containing important
information should be preserved in an adequate manner.

This last example illustrates a strange but typical behavior that marginal
distributions and the conditionals involved may have (we will continue it
later on, see Example 4.5.1 in Section 4.5). Let us look upon this problem in
a more abstract environment.

Suppose P is a probability distribution on a set of variables containing
a,b, and suppose P |= (bla)[x]. In which way may a third variable, ¢, affect
this conditional, i.e. what can be said about the probability of (b|a¢) in P?

Roughly, there are two possibilities. In the first case, ¢ does not affect
(bla)[x] at all, that is to say, we have P(bla¢) = P(bla), showing b and ¢ to be
conditionally independent given a (cf. Definition 3.2.3), and ¢ to be irrelevant
for (bla)[z]. By a straightforward calculation, we see that P(bla¢) = P(bla) iff
P(abc)P(abe)

_ — = 1. In the second, more usual case, we have P(bla¢) # P(b|a),
P(abc)P(abe)
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P(abc)P(abe)
P(abc)P(abe)
dependence — and thereby the extent of relevance — may be measured by the
P(abc)P(abe)
P(abe)P(abe)
mand for a posterior distribution P* adapted to a changed probability of (b|a)
then is that posterior interaction should be the same as prior interaction, i.e.

and consequently # 1. Thus departures from conditional in-

cross product ratio or interaction quotient . A reasonable de-

P*(abc) P*(abe) _ P(abc)P(abe) (3.17)
P*(abc)P*(abe)  P(abc)P(abe) .

In statistics, logarithms of such expressions are used to measure the interac-
tions between the variables involved (cf. [Goo63, Whi90]).

In the general case, we consider joint influences of groups of variables
(instead of one single variable) on a conditional (B|A), and we have to take
a set of conditionals into account. Thus the notion of (statistical) interaction
quotients has to be generalized, involving more worlds both in the numerators
and in the denominators and being based appropriately on R. The comments
above give interaction quotients a logical meaning that fits the intention of
this treatise better than a statistical interpretation. It offers a suitable way
to carry out the necessary generalization from a conditional-logical point of
view:

In (3.17), two sets of worlds are related to each other with respect to P
and P*: {abc, abc} in the numerator, and {abc, abc} in the denominator. In
both sets, the conditional (b|a) is once confirmed (by abc and by abe, respec-
tively) and once refuted (by abe and abc, respectively), so both sets show the
same behavior with regard to the revising conditional (b|a)[x]. This idea of
a behavior or structure with respect to R can be formalized appropriately by
group-theoretical means, as will be developed in the sequel.

When we consider (finite) sets of conditionals R = {(B1]A41), ..., (BnlAn)}
C (L] L) we have to modify the representation given in (3.1), p. 28, ap-
propriately to identify the effect of each conditional in R on worlds in (2.
This leads to introducing the functions o; = o(p,|4,) below (see (3.18)) which
generalize (3.1) by replacing the numbers 0 and 1 by abstract symbols. Moreo-
ver, we will make use of a group structure to represent the joint impact of
conditionals on worlds.

To each conditional (B;|4;) in R we associate two symbols a; ,a; . Let

Fr = (al,a;,...,al a;)

be the free abelian group with generators af,al_, ...,al a;, ie. Fr con-
sists of all elements of the form (af )" (a])® ... (a})™(a;)*" with integers
i, 8i € Z (the ring of integers). Each element of Fx can be identified by its
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exponents, so that Fr is isomorphic to Z?" (cf. [LS77, FR99]). The commu-
tativity of Fr corresponds to the fact that the conditionals in R shall be
effective simultaneously, without assuming any order of application.

For each i,1 < i < n, we define a function o; : 2 — Fr by setting

a if (Bild)(w) =1
O'i(w) = ai_ if (BZ|A1)(w) =0 (318)
o;(w) represents the manner in which the conditional (B;|A;) applies to the
possible world w. The neutral element 1 of Fr corresponds to the non-
applicability of (B;|A;) in case that the antecedent A; is not satisfied. The
function

oR = H U,’tQ—)]'—R,
1<i<n
— — + -
or(w) = ][] eilw)= [] a ][] a (3.19)
i< 1<ig 1<i<n
1sisn W|=zigi w\:;xlﬁli

describes the all-over effect of R on w. o (w) is called (a representation of)
the conditional structure of w with respect to R. For each world w, or(w)
contains at most one of each a;r or a; , but never both of them because each
conditional applies to w in a well-defined way. The next lemma shows that
this property characterizes conditional structure functions:

Lemma 3.5.1. Let o : {2 — F be a map from the set of worlds {2 to the
free abelian group F = (af,a],...,a} a;) generated by aj,a;,...,a , a,,
such that o(w) contains at most one of each a; or a;, for each world w € 2.
Then there is a set of conditionals R with card(R) < n such that o = og.

Ezample 3.5.2. Let R = {(c|a), (c|b)}, where a,b, c are atoms, and let Fr =
(al,ay,a;,a;). We associate ai with the first conditional, (c/a), and ay
with the second one, (¢|b). The following table shows the values of the function
o on worlds w € §2:

w |opWw) ||w |or(w)

abc | aja; || abe | aj
abc | aja, | abe | a,

abc | af abe | 1
abe | aj abe | 1

abc confirms both conditionals, so its conditional structure is represented by
alaj. This corresponds to the product (in Fr) of the conditional structures
of the worlds abc and abc. Two worlds, namely abc and abc, are not affected

at all by the conditionals in R.
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The next example illustrates that also multiple copies of worlds may be
necessary to relate conditional structures:

Ezample 3.5.3. Consider the set R = {(d|a),(d|b),(d|c)} of conditionals

using the atoms a, b, ¢, d. Let ali,a;agf be the group generators associated

with (d|a), (d|b), (d|c), respectively. Then we have
or(abed)or (abed)og (@bed) = (af

= (af)*(ag

= (afajag

= ogr(abed)

Here two copies of abcd, or of its structure, respectively, are necessary to
match the product of the conditional structures of abed, abed and abed.

To compare worlds adequately with respect to their conditional structures,
we impose a multiplication on the set of worlds {2 by considering the worlds
w as formal symbols. That means, we introduce the free abelian group 0
generated by all w € (2

Q:=(w|we ) (3.20)

and consisting of all products

r1

O=wi"" W™, wi,..., Wy € 82, and 71, ...7,, integers.

Now o may be extended to Qina straightforward manner by setting

0'73(@) = O’R(wlrl . mem)
= or(w)™...or(wn)™,
yielding a homomorphism of groups

UR:§—>.772

Foro=w"...w, ™™ € (AZ, we obtain the group element

or(wr wn™) = [ (af)reen=et (3.21)
1<ign
[T (ap)=smscw=ar ™
1<i<n

as representation of the conditional structure of &@ . We will often use fractio-

nal representations for the elements of (AZ, that is, for instance, we will write

w1 . _
~ instead of wiwy '

w2



44 3. Conditionals

Thus the conditional structure of & is represented by a group element
which is a product of the generators a+7a; of Fr, with each a;r occurring

i
with exponent >, af Tk = > ki =A; B; Ty and each a;” occurring with

Wk )=
exponent Zk:oi(wk):;_ )7‘k =D kwp-A,B, Tk (note that each of the sums may
be empty in which case the corresponding conditional cannot be applied to
any of the worlds occurring in @). So the exponent of a;" in o (@) indicates
the number of worlds in @ which confirm the conditional (B;|A;), each world
being counted with its multiplicity, and in the same way, the exponent of a;
indicates the number of elementary events that are in conflict with (B;|A;).
The elements of {2 replace the multi-sets considered in [KI98a], allowing a

more coherent and elegant handling of conditional structures.

In particular, it is possible to isolate the (positive or negative) net impact
of one conditional in R by considering suitable elements of 2, as the following
example illustrates:

Ezample 3.5.4 (continued). In Example 3.5.2 above, we have

abc, afay
UR(T) =T F T
abe aj

abc
So — reveals the positive net impact of the conditional (c|a) within R,
abc

symbolized by ai".
bed - abed
Similarly, in Example 3.5.3, the element aved - aved isolates the negative

abe
net impact of the second conditional, (d|b):

abed - abed,  ajay - az

R (

—— = =a,.
abcd aja;

The generators aj are mere symbols, representing the effects of the cor-

responding conditional on worlds. If we choose different symbols b}, b, to
be associated with the conditionals in R, we arrive at a different represen-
tation homomorphism o7, : 2 - Fr, = (bf,by,..., b}, b). But for all
W1,Wp € ﬁ, we have

or(@1) = or(@) i oR(@1) = oR(@)
as can easily be seen from (3.21). This means
ker og = ker op
where ker o denotes the kernel of a homomorphism o, i.e.

kero = {& € 2| o(®@) =1}
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Hence, the kernel of such a representation homomorphism does not depend
on the symbols chosen as group generators and therefore, it is an invariant
of the set of conditionals R. The kernel ker o contains exactly all group
elements @ € 2 with a balanced conditional structure, that means, where all
effects of conditionals in R on worlds occurring in & are completely cancelled.

Having the same conditional structure defines an equivalence relation =g
on {2
W1 =g e iff or(®1) = or(Wa).
The equivalence classes are in one-to-one correspondence to the elements of
the quotient group (2/4..,. or = {@ - (ker or) | @ € 2} by observing that
Oy =g Oy iff op(®@;1) =1

Because the kernel ker oz is an invariant of R, = does not depend on the
chosen representation either. Therefore, the equivalence class

Pler ={&" € 2| or(&') = or (©)}
of an element & € 2 is called its conditional structure with respect to R.
According to (3.21), we have

o we ™ =% Pl iffforalli, 1l <i<n

Z TR = Z s; and Z TR = Z si. (3.22)

kwil=A; B; Ly |=A;B; kiwkl=A;B; Ly A B;

[wl )

The kernel of o plays an important part in identifying the conditional
structure of elements & € ﬁ, in particular of worlds w, with respect to the
set of conditionals R. No nontrivial relations hold between different group
generators aj ,aj,...,al, a; of Fr, so we have o (@) = 1 iff 0;(0) =1 for
all 7, 1 < i < n, and this means

kerog = m ker o; (3.23)

i=1
In this way, each conditional in R contributes to ker ox. The kernel of og,
however, is not apt to describe uniquely the set R of conditionals.

Ezxample 3.5.5. Consider the four sets

Ro = {(cla),(c[b)}

Ri = {(cla),(c[b), (c[a)}

Ra = {(cla), (c[b), (c[a), (c[b)}
Rs = {(cla), (clb), (c[b)}
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Some easy calculations show that

abe - abe abe - abc>
abc - abc’ abe - abe

keror, = <
= kerogr, = kerog,

and

- - b be
ker or, = <abc, abe, ¢ i , ,ft C>
abc - abc abec - abe
So we have ker or, = ker o, = ker or, and R1 NRa2 N Ry = Ro, but
ker or, # kerog, for i =1,2,3.

In general, if (B|A) is a conditional with ker or C ker o(pja), then
ker or = ker opu((B|A)}, as may easily seen from (3.23). Moreover, Exam-
ple 3.5.5 above illustrates that it is not always possible to find a minimal
(with respect to set inclusion) set of conditionals R’ with og = ogr/.

In particular, a conditional (B|A) and its negation (B|A) give rise to the
same kernel:

Lemma 3.5.2. Let (B|A) € (L | L). Then ker o(pja) = ker o5 4)-
This is evident by considering (3.21).

The subgroup
~ w1
90 = < ‘ wi,ws € .Q>
w2

~ w
of {2 generated by all quotients “L g of particular interest in connection
w

with conditionals because it only contains ratios and iterated ratios formed by
products. It focusses on comparing actions and interactions of conditionals on
worlds. Thus by considering !AZO, it is possible to reveal genuinely conditional
influences hidden e.g. by normalizing constraints (see Section 3.6; cf. also
Lemma 3.5.3). The elements of o may be described easily:

m
ﬁoz{@:wln-...-wmr’" €§|Z7"j:0}.
J=1

Two elements &1 = W}t ...wlm, &y = V5L ... 15" € £ are equivalent modulo
29, ie. 0182y = Wal2, iff Zlglgm r; = Z1<kgp s. This means that ©;
and Wy are equivalent modulo 2 iff they both are a (cancelled) product
of the same number of generators, each generator being counted with its
corresponding exponent.
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Let
kerg or = keror N §)

be the part of ker o which is included in fZO. kery or is less expressive than
ker o, for instance, it does not contain all w € 2 with og(w) = 1. But
keryp or concentrates on considering ratios as essential entities to reveal the
influences of conditionals. The following lemma shows that kerg or differs
from ker or only by taking the conditional tautology (T | T) into regard:

Lemma 3.5.3. (AZO = ker o(T|T), and kerg or = ker opyu{(T|T)}-

So by considering kery og, implicit normalizing constraints (such as
P(T) =1 for probability functions or x(T) = 0 for ordinal conditional func-
tions) can be taken explicitly into account.

Finally, we will show how to describe the relations C and _l between
conditionals, introduced in Definitions 3.4.1 and 3.4.3, respectively, by consi-
dering the kernels of the corresponding o-homomorphisms. As a convenient
notation, for each proposition A € £ we define

A\:{@zw?...w;;” €| w = Aforallil<i<m} (3.24)
Proposition 3.5.1. Let (B|A), (D|C) € (L | L) be conditionals.

1. (DI|C) is either a subconditional of (B|A) or of (BJA) iff C < A and
ker opjcyNC C keropjayNC.

2. (D|C)AL(B|A) iff C N 2o C ker o(pa)-

Within the framework of representing, revising and discovering conditio-
nal knowledge, the notion of conditional indifference of a conditional valua-
tion function, to be introduced in the next Section 3.6, will play a central
part (cf. Sections 4.5, 4.6 and 8.2). For knowledge discovery, it will be cru-
cial to determine a suitable set R of conditionals such that ker or C ﬁl
or kerg or C (A21, respectively, for some given subgroup (A21 - 0 (ideally,
equality should hold; see Section 3.6 and Section 8.2 for the details). The set

R(21) = {(BJA) (L] L)o@ =1foralde 2}
= {(Bl4) € (L|L)| & C heropia)
is obviously a maximal candidate for such a set R. But determining R(f)l) is

quite an expensive task. The next lemma and the following corollary provide
a first easy criterion for excluding conditionals from being elements of R(£2;):
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Lemma 3.5.4. Let (B|A) € (L | L£). For any basic subconditional v, . T
w
(BJA), o(5)a) (J) #1

Corollary 3.5.1. If ﬁ/ € ker o, then ¥, o Z (B|A) for any (B|A) € R.
w

In general, for a given element & € f\Z, it is easy to find conditionals (B|A)
. ~ . ~ w1 Wy
with @ € ker o(p|4)- Suppose, for instance, w = —-...- —, to be an element
%1 Uy
in 2. Set 2 := {wi,...,wr,v1,...,0} and A := form({21), and choose
{25 C §21 suitably to yield o(p|4)(W) = 1 with B := form (§22). The following

example will illustrate this.

Example 3.5.6. Let the alphabet consist of the three atoms a,b, c. Consider
be - ab ~ -
the element W = Lﬁc € 2. Set A := form (abc,abc, abe,abc) = ¢, and
abc - abe _
choose, for instance, By = form (abc, abc) = ac and By = form (abe,abc) = be.
Then for each of (B1]|A) = (alc) and (Bz|A) = (b|c), we have 0(p,4)(@) = 1.

In this way, considering the elements of subgroups (A21 helps us find ap-
propriate sets of conditionals. But interactions of conditionals considerably
complicate this task. In Section 8.2, we will present a method that is apt to
discovering conditional structures for a special but important type of condi-
tionals.

3.6 Conditional Indifference

To study conditional interactions, we now focus on the behavior of conditional
valuation functions V' : £L — A with respect to the “multiplication” ® in
A (see Definition 3.2.1, p. 32). Each such function may be extended to a
homomorphism

V . QJ’_ — (.A, @)
by setting

V(™ - ooowp ™) =V(w) 0...0Viw,)™,

where (A2+ is the subgroup of 0 generated by the set 2 = {w € 2 |
V(w) # 04}. This allows us to analyze numerical relationships holding bet-
ween different V' (w). Thereby, it will be possible to elaborate the conditionals
whose structures V follows, that means, to determine sets of conditionals
R C (L] £) with respect to which V' is indifferent:
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Definition 3.6.1. Suppose V : L — A is a conditional valuation function
and R C (L | L) is a set of conditionals such that V(A) # 04 for all (B|A) €
R.

1. V is strictly indifferent with respect to R iff the following two conditions
hold:

(i) If V(w) = 04 then there is (B|A) € R such that o(pja)(w) # 1 and
V(') =04 for all ' with o(p a)(w') = o(51a)(W).
(it) V(@) = V(@y) whenever or (@) = or (@) for &y, 0, € Q4.
2. V is (weakly) indifferent with respect to R iff V is strictly indifferent
with respect to R U{(T|T)}.

If V is strictly indifferent with respect to R C (L | L), then it does
not distinguish between different elements @&1,© with the same conditio-
nal structure with respect to R. Conversely, any deviation V(&) # 14 can
be explained by the conditionals in R acting on & in a non-balanced way.
Weak indifference means that tautologies are taken explicitly into account;
it concentrates on ratios which conditionals are based upon. So in many
applications, it will appear to be the weaker but more adequate notion.
Using Lemma 3.5.3, V' is (weakly) indifferent with respect to R iff (i) holds
and V(@1) = V(@,) whenever 0102y = G282 and ox (@) = or(@) for
@1, o € ﬁ_;,_.

Condition (i) in Definition 3.6.1(1) is necessary to deal with worlds w ¢
02y.

Lemma 3.6.1. If the conditional valuation function V is (strictly or weakly)
indifferent with respect to R, then or(wi) = or(ws) implies V(wy) = V(ws)
for all worlds wy,ws € (2.

The following proposition rephrases conditional indifference by establis-
hing a relationship between the kernels of o and V:

Proposition 3.6.1. Let R C (L | L) be a set of conditionals, and let V :
L — A be a conditional valuation function with V(A) # 04 for all (B|A) €
R.

1. 'V is strictly indifferent with respect to R iff condition (i) of Definition
3.6.1(1) holds, and ker og N 24 C ker'V.

2.V is (weakly) indifferent with respect to R iff condition (i) of Definition
3.6.1(1) holds, and kerg or N 24 C kerg V.

If, in particular, ker og N (AZJF = ker V, or kerg or N !A2+ = kerg V,
respectively, then V(@) = V(@) if and only if oz (1) = or(W2) for &y, W €
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§+ (and @ Qo = @2@0). In this case, V' completely follows the conditional
structures imposed by R — it observes R faithfully:

Definition 3.6.2. Let R C (L | £) be a set of conditionals, and let V : L —
A be a conditional valuation function with V(A) # 04 for all (B|A) € R.

Vi L — Ais said to be strictly faithful (or (weakly) faithful) with
respect to R, iff kergy or N 24 = ker) V.

We will close this section by characterizing probability functions and or-
dinal conditional functions with indifference properties:

Theorem 3.6.1. A probability function P is strictly indifferent with respect
to a set R = {(B1|A1),...,(Bnl4n)} of conditionals iff P(4;) # 0 for all

1,1 <t < n, and there are real numbers af7 ar, ..., o, € RT such that
Pw =TI o I o7 (3.25)
1<ig<n 1<i<n
wiEA; B w=A;B;
for allw € 0.

This theorem can be rephrased using group-theoretical terms:

Corollary 3.6.1. A probability function P is strictly indifferent with respect
to a set R = {(B1|A1),...,(BnlAn)} iff P(A;) # 0 for alli,1 <i<n, and
there is a homomorphism
P:Fr — (R,
such that 3
Poor =P (3.26)

Weak indifference with respect to R means strict indifference with respect
to RU{(T|T)}; so we obtain immediately

Corollary 3.6.2. A probability function P is (weakly) indifferent with res-
pect to a set R = {(B1|A41),...,(BnlAn)} iff P(A;) # 0 for all i,1 <i<n,

and there are real numbers ag, o a5, ..., € RY ag > 0, such that
Pw) = o H af H a; (3.27)
1<i<n 1<i<n
wEA;B; wl=A;B;

for allw € £2.
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Each probability function P has to obey the normalization constraint
P(T) =1 which may veil the (inter)actions of conditionals. So weak indiffe-
rence appears to be particularly appropriate to study conditional structures
in a probabilistic framework.

Similar statements and arguments also hold for ordinal conditional func-
tions and OCF-conditionals. We start with reformulating the central Theorem
3.6.1 for the OCF-environment:

Theorem 3.6.2. An ordinal conditional function k is strictly indifferent
with respect to a set R = {(B1|A41),...,(BnlAn)} of conditionals iff k(A;) #
oo for all i,1 < i < n, and there are rational numbers k" k; €Q,1<i<n,

7

such that
K(w) = Z ki + Z Ky (3.28)
1<i<n 1<i<n
wE=A;B; wEA; By
for allw € 0.

This theorem and the statements to follow are proven in full analogy to
Theorem 3.6.1 and the corollaries above; so we omit the proofs.

The numbers Iﬁlzr, k; € Q,1 <7< n, again may serve to define a suitable
homomorphism of groups:

Corollary 3.6.3. An ordinal conditional function k is strictly indifferent
with respect to a set R = {(B1]A1),...,(Bn|An)} of conditionals iff k(A;) #
oo for all i,1 < i< n, and there is a homomorphism

K ]:R — (Z, +)
such that
KooRr =K (3.29)

For weak indifference, we obtain

Corollary 3.6.4. An ordinal conditional function & is (weakly) indifferent
with respect to a set R = {(B1|A41),...,(BnlAn)} of conditionals iff k(A;) #
oo for all i,1 <i<n, and there are rational numbers Ko,/@;",fi; e Q,
1 <i < n, such that

k(w) = Ko + Z K+ Z K (3.30)

1<i<n 1<i<n
wl=A;B; wl=A;B;

for allw € 2.
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Theorems 3.6.1 and 3.6.2, as well as Corollaries 3.6.2 and 3.6.4, give sim-
ple criteria to check conditional indifference with probability functions and
ordinal conditional functions. Moreover, they provide intelligible schemas to
construct conditional indifferent functions.

Note that the concept of conditional indifference is a structural notion,
using the numerical values of a conditional valuation function, V', as manife-
stations of conditional structures imposed by a set R. We do not postulate,
however, that the conditionals in R are satisfied by V. This adoption of
R will be dealt with in the following chapter, Revising epistemic states by
conditional beliefs.



4. Revising Epistemic States by Conditional
Beliefs

Usually, the belief sets in AGM theory (cf. Section 2.2) are assumed to be
deductively closed sets of propositional formulas, or to be represented by one
single propositional formula, respectively, and the revising beliefs are taken
to be propositional formulas. So the AGM postulates constrain revisions of
the form 1 * A, the revision operator * connecting two propositional formulas
1 and A, where 1 represents the initial state of belief and A stands for
the new information. A representation theorem (see [KM91la]) establishes a
relationship between AGM revision operators and total pre-orders <, on the
set of possible worlds, proving the revised belief set 1) * A to be satisfied
precisely by all minimal A-worlds (see also Section 2.2).

Belief sets represent what is known for certain and are of specific inte-
rest. They are, however, only poor reflections of the complex attitudes an
individual may hold. The limitation to propositional beliefs severely restricts
the frame of AGM theory, in particular, when iterated revisions have to be
performed. So belief revision should not only be concerned with the revision
of propositional beliefs but also with the modification of revision strategies
when new information arrives (cf. [DP97a, Bou93, BG93]). These revision
strategies may be given implicitly by some kind of preference relation like a
plausibility ordering or an epistemic entrenchment (cf. Section 2.4), or may
be taken explicitly as conditional beliefs. Revisions of the complex structure
of an epistemic state so as to allow iterated revisions are denoted as transmu-
tations of knowledge systems in [Wil94]. As a counterpart to the paradigm
of minimal propositional change guiding the AGM postulates, the new pa-
radigm of preserving conditional beliefs, shortly referred to as conditional
preservation, arises in the framework of revising epistemic states.

Darwiche and Pearl [DP97a] explicitly took conditional beliefs into ac-
count by revising epistemic states instead of belief sets, and they advanced
four postulates in addition to the AGM axioms as an approach to describe
conditional preservation under revision by propositional beliefs (cf. the DP-
postulates on page 22 in Section 2.4).

In the sequel, we broaden the framework for revising epistemic states (as
presented, for instance, in [DP97a, Bou94, Wil94]) so as to include also the

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pjj-p3-72, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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revision by conditional beliefs. Thus belief revision is considered here in quite
a general framework, exceeding the AGM-theory in two respects:

— We revise epistemic states; this makes it necessary to allow for the changes
in conditional beliefs caused by new information.

— The new belief A may be of a conditional nature, thus reflecting a changed
or newly acquired revision policy that has to be incorporated adequately.

First, we present a scheme of eight postulates appropriate to guide the revi-
sion of epistemic states by conditional beliefs (cf. Section 4.1). These postu-
lates are supported mainly by following the specific, non-classical nature of
conditionals. The aim of preserving conditional beliefs is achieved by studying
specific interactions between conditionals, represented properly by two relati-
ons. Because one of the postulates claims propositional belief revision to be a
special case of conditional belief revision, our framework also covers the topic
of Darwiche and Pearl’s work [DP97a], and we show that all four postulates
presented there may be derived from our postulates. We state representation
theorems for the principal postulates, and to exemplify our ideas, we present
a conditional belief operator obeying all of the postulates by using ordinal
conditional functions as representations of epistemic states.

Like the postulates of Darwiche and Pearl, our postulates aim at de-
scribing an appropriate principle of conditional preservation to be obeyed
when revising epistemic states. The main result of this chapter, however, is
a complete formalization of this principle not only with respect to one re-
vising conditional, but to a (finite) set of conditionals to be simultaneously
incorporated into the knowledge system (see Section 4.5). We base this princi-
ple on representations of epistemic states via conditional valuation functions
(cf. Section 3.2) by making use of the notion of conditional indifference (see
Section 3.6). As a particular application of these ideas, we deal with the re-
presentation of incompletely specified (conditional and factual) knowledge by
epistemic states in an appropriate way.

4.1 Postulates for Revising by Conditional Beliefs

Revising an epistemic state ¥ by a conditional (B|A) becomes necessary if a
new conditional belief, or a new revision policy, respectively, is to be included
in ¥, yielding a changed epistemic state ¥’ = ¥« (B|A) such that ¥’ | (B|A),
ie. ¥ x A = B. We will use the same operator * for propositional as well
as for conditional revision, thus expressing that conditional revision should
extend propositional revision in accordance with the Ramsey test (RT) (see
page 18).
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In this section, we propose a catalogue of postulates a revision of an episte-
mic state by a conditional should satisfy. The rationale behind our postulates
is not to minimize conditional change, as in Boutilier and Goldszmidt’s work
[BG93], but to preserve the conditional structure of the knowledge, as far as
possible. Here the key idea is to follow the conditionals in ¥ as long as there
is no conflict between them and the new conditional belief. We will make use
of the relations C (subconditional) and Il (perpendicularity), introduced in
3.4, Definitions 3.4.1 and 3.4.3, to relate conditionals appropriately.

Postulates for conditional revision:

Suppose ¥ is an epistemic state and (B|A), (D|C) are conditionals. Let ¥
(B|A) denote the result of revising ¥ by (B|A).

(CRO) ¥« (BJ|A) is an epistemic state.

(CR1) ¥ (B|A) = (B|A) (success).

(CR2) ¥« (B|A) =V iff ¥ |= (B|A) (stability).

(CR3) ¥« B: =V % (B|T) induces a propositional AGM-revision operator.
(CRA4) ¥ x (B|A) =¥ % (D|C) whenever (B|A) = (D|C).

(CR5) If (D|C)IL(BJA) then ¥ = (D|C) iff ¥ x (B|A) = (D|C).

(CR6) If (D|C) C (B|A) and ¥ |= (D|C) then ¥ % (B|A) = (D|C).

(CR7) If (D|C) C (B|A) and ¥ % (B|A) = (D|C) then ¥ = (D|C).

Postulates (CR0) and (CR1) are self-evident. (CR2) postulates that ¥ should
be left unchanged precisely if it already entails the conditional. (CR3) says
that the induced propositional revision operator should be in accordance with
the AGM postulates. (CR4) requires the result of the revision process to be
independent of the syntactical representation of conditionals.

The next three postulates aim at preserving the conditional structure of
knowledge:

(CR5) claims that revising by a conditional should preserve all conditio-
nals to which that conditional is irrelevant, in the sense described by the
relation |l . The rationale behind this postulate is the following: The vali-
dity of a conditional (B|A) in an epistemic state ¥ depends on the relation
between (some) worlds in Mod(AB) and (some) worlds in Mod (AB) (see
Lemmata 2.4.1, 2.4.2). So incorporating (B|A) into ¥ may require a shift
between Mod(AB) on one side and Mod (AB) on the other side, but should
leave intact any relations between worlds within Mod (AB), Mod(AB), or
Mod (A). These relations may be captured by conditionals (D|C') not affec-
ted by (B|A), that is, by conditionals (D|C)_1L(B|A).
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(CR6) states that conditional revision should bring about no change for
conditionals that are already in line with the revising conditional, and (CRT)
guarantees that no conditional change contrary to the revising conditional is
caused by conditional revision.

An idea of conditional preservation is also inherent to the postulates (C1)-
(C4) of Darwiche and Pearl ([DP97a], see also page 22) which we will show
to be covered by our postulates.

Theorem 4.1.1. Suppose * is a conditional revision operator obeying the
postulates (CRO)-(CRT). Then for the induced propositional revision operator,
postulates (C1)-(C4) are satisfied, too.

This theorem provides further justifications for the postulates of Darwiche
and Pearl from within the framework of conditionals.

4.2 Representation Theorems

To formulate and prove the representation theorems of this section, we as-
sume that each epistemic state is equipped with a plausibility pre-ordering
<y underlying propositional revision. Thus we actually presuppose Postulate
(CR3), in observing Theorem 2.4.1, page 21.

Postulates (CR5)-(CR7) claim specific connections to hold between ¥ and
the revised ¥ x (B|A), thus relating <y and <g.(p|a). We will elaborate this
relationship in order to characterize those postulates by properties of the
pre-orders associated with ¥ and ¥ x (B|A).

Postulate (CR5) proves to be of particular importance because it guaran-
tees the ordering within Mod (AB), Mod(AB), Mod (A), respectively, to be
preserved:

Theorem 4.2.1. The conditional revision operator x satisfies (CR5) iff for
each epistemic state (¥, <) and for each conditional (B|A) it holds that:

w<y W iff w<gu(pa) W (4.1)
for all worlds w,w’ both being elements of Mod(AB) (or of Mod(AB), or of

Mod (A), respectively).
As an immediate consequence, equation (4.1) yields

Lemma 4.2.1. Suppose (4.1) holds for all worlds w,w’ both being elements
of Mod(AB) (or of Mod(AB), or of Mod(A), respectively). Let E € L be a
proposition such that either E < AB, or E < AB, or E < A. Then

min(E;¥) = min(E;¥ x (B | A))
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Together with the Ramsey test (RT) (see page 18), (CR5) yields equalities
of belief sets as are stated in the following proposition:

Proposition 4.2.1. If the conditional revision operator x satisfies Postulate
(CRb), then

Bel((¥ = (B|A)) «x AB) = Bel(¥ x AB)
Bel((¥ x (B|A))* AB) = Bel(¥ x AB)
Bel((W % (B|A)) x A) = Bel(¥ x A)

For the representation theorems of Postulates (C6) and (C7), we need Postu-
late (CR5), respectively equation (4.1) and its consequence, Lemma 4.2.1: We
have to ensure that the property of being a minimal world in the affirmative
or in the contradictory set associated with some conditionals is not touched
under revision.

Theorem 4.2.2. Suppose * is a conditional revision operator satisfying
(CR5). Let ¥ be an epistemic state, and let (B|A) be a conditional.

1. * satisfies (CR6) iff for all w € Mod(AB), w' € Mod(AB), w <g¢ w'
implies w <g.(B|a) W'

2. « satisfies (CR7) iff for all w € Mod(AB), w' € Mod(AB), w' <g.(B|a)
w implies W' <y w.

4.3 Conditional Valuation Functions and Revision

The theory of revising epistemic states is mainly devised and developed for
qualitative representations, such as ordinal conditional functions and the like
(see, for instance, [Bou94, DP97al). The theorems of the previous section
are only to be used in such a qualitative framework. Furthermore, revision,
propositional beliefs and conditional beliefs may be tightly connected via the
Ramsey test (see Section 2.4, equation (2.10), page 18).

Conditional valuation functions V' : £ — A were introduced in Section 3.2
as abstract representations of epistemic states, with V' providing a measure
of plausibility adequate to model belief revisions (see Section 3.3). Conditio-
nal valuation function subsume in particular probability functions as well as
ordinal conditional functions. Therefore, they allow us to consider revisions
in a quantitative as well as in a qualitative framework. It is worth-while stu-
dying how conditional valuation functions can be revised in accordance with
the Ramsey test within both frameworks.
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An ordinal conditional function & : 2 — N U {0, 00} induces a (proposi-
tional) AGM-revision operator * by setting

Mod (k * A) = min(Mod (A)) (4.2)
(see Theorem 2.2.2, page 16). The Ramsey test then reads
k= (B|A) iff kxA[EB. (4.3)

This is in accordance with the plausibility relation imposed by x, as the
following lemma shows:

Lemma 4.3.1. Let (B|A) be a conditional in (L] L), let k be an ordinal
conditional function. The following three statements are equivalent:

() wi(BlA).
(i) K(AB) < k(AB).
(iii) K(BJA) > 0.

So k accepts a conditional (via the Ramsey test) iff AB is more plausible
than AB. The proof of this lemma is immediate by using Lemma 2.4.2,
page 22.

In general, we will say that a conditional valuation function V' qualita-
tively accepts a conditional, written as V = (B|A), iff V(AB) < V(AB) is
satisfied!. Making this compatible with the Ramsey test means to postulate

(V+A)(B) < (VxA)(B) iff V(AB) <V(AB).
This suggests that an adequate revision operator should fulfill
(VxA)(B)=a®V(AB)

for some a € A,a # 04, and for all B € £ with AB # L. Observing that
(V +« A)(T) =1, by definition of a conditional valuation function, this would
imply a = V(A)7! ie.

V x A(B) =V(B|A) (4.4)

for all B € £ with AB # 1. So, following a qualitative approach and using the
Ramsey test, an important quantitative idea arises how to realize the (propo-
sitional) revision of conditional valuation functions appropriately. Note that,

! Note that the degrees of plausibility are measured differently for OCF’s and for
general conditional valuation functions. Those of conditional valuation functions
follow the intuitive ordering of real numbers (as is suitable for possibility and
probability distributions), while those of OCF’s traditionally reverse this orde-
ring.
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in spite of the obvious similarity of (4.4) with Bayesian conditionalization
(see, for instance, (4.7) below), this condition does not force (V * A)(B) = 04
for AB =T, because (4.4) is only assumed to apply for B € £ with AB # L.

Things are more complicated for probability functions, P. Here the notion
of belief may be dealt with in two different, but nevertheless intuitive, ways,
one by setting

PEA iff P(A) =1, (4.5)

the other one by setting
PE=A iff P(A) < P(A) (4.6)

(see also Section 3.3). While the first approach seems to be most appropriate
for establishing propositional beliefs, the second one fits better the inten-
ded meaning of conditional beliefs. Combining both methods with a revision
operator and applying the Ramsey test, respectively, gives rise to two dif-
ferent criteria for accepting conditional beliefs. Although (4.6) appears to
be a proper candidate for realizing qualitative belief revision within a pro-
babilistic framework, the problem here is that, due to the non-discreteness
of real numbers, no generally accepted “best” revision operator to establish
P(A) < P(A) exists (though there is a vast amount of such operators; in Sec-
tion 4.5, we will at least identify those revision operators being appropriate
from a conditional logical point of view).

On the contrary, criterion (4.5) gives rise to one of the oldest and most
popular revision operators, namely (Bayesian) conditionalization:

M if w
(P*x A)(w) = P(w|A) = P(A) f =4 (4.7)
0 if wiEA

But conditionalization is not a full revision operator in the AGM sense, it is
only an expansion (see Section 2.2, page 14) because it does not allow us to
establish beliefs which are contrary to the certain beliefs held in P.

So in a probabilistic framework, taking the quantitative degrees of pro-
bability into account in a belief revision process actually seems to be more
appropriate than a purely qualitative point of view. That is, instead of consi-
dering belief revision as restricted to establishing beliefs for certain, we should
be concerned with revisions of the form P x A[z], yielding a probability func-
tion P* such that P*(A) = xz. Moreover, a quantitative version of the Ramsey
test can be formalized as

P (BlA)[z] iff PxA[l] = Bla] (4.8)
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By taking * as conditionalization, we obtain
P (B|A)[z] iff P(BJA) ==z

for the acceptance of probabilistic conditionals (confer (3.8), page 34). Further
generalizations are possible, for instance

P = (Blz]|Aly]) it PxAly] = Blz], (4.9)

permitting us to deal with generalized conditionals. One method for achieving
revisions of the form P x A[x] is Jeffrey’s rule (see (2.12), page 24), which
coincides in this case with the more powerful principle of minimum cross-
entropy (see (2.13), page 25). The latter technique also allows of realizing
revisions by (sets of) probabilistic conditionals and thereby constitutes an
interesting and important example for revision operators of epistemic states.

One of the aims of this chapter is to develop a formal principle of conditio-
nal preservation which underlies both qualitative and quantitative revisions
by conditional beliefs, in that it implies the qualitative axioms (CR5) - (CR7)
and can also be applied in a purely quantitative framework.

First, however, we will exemplify the eight postulates (CR0)-(CR7) of
Section 4.1 by presenting a revision operator for ordinal conditional functions
which satisfies all of these postulates.

4.4 A Revision Operator for Ordinal Conditional
Functions

Propositional revisions of ordinal conditional functions « : 2 — N U {0, 00}
have been investigated by several authors. For instance, Spohn [Spo88] pro-
posed the following revision operator *g to establish belief in A with firmness
n:

| k(w) —K(A) if wpE A,
(ors Ay ={ )78 oS

Spohn calls k xg A[m] the (A, m)-conditionalization of .

(4.10)

Darwiche and Pearl [DP97a] modified this approach to define a revision
operator *pp which always strengthens the belief in A:

| kw)—k(A4) if wlEA,
(kxpp A)(w) = { k(w) +1 if wpgE A

That is, k xpp A = k xg A[k(A) + 1].

Goldszmidt and Pearl [GP96] considered two different types of proposi-
tional revision, namely conditionalization of Type-J and conditionalization of

(4.11)
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Type-L. Their conditionalization of Type-J corresponds exactly to Spohn’s
(A, m)-conditionalization.

In the following, we will define a conditional revision operator g for or-
dinal conditional functions that satisfy all of the postulates (CR0)-(CRT). In
particular, %o realizes the idea of conditional preservation developed so far:

For an ordinal conditional function x : 2 — NU{0, 00} and a conditional
(B|A), we define k xo (B|A) by setting

k(w) —k(B|A) if wpE AB
k0 (BJA) (W) =1¢ kw)+a+1 if wEAB (4.12)
k(w) if wEA
where .
-1, if k(AB) < k(AB),
“= { 0, else
This revision operator *q generalizes the propositional revision operator *pp
(see (4.11) above), except for one crucial difference: xpp always strenghtens
the belief in the revising proposition A, even if A is already believed with
firmness > 0. So Darwiche and Pearl’s revision operator violates Postulate
(CR2), while %o complies with it: If already x = (B|A), then k%o (B|A) = &,
due to aw = —1 in this case.
The check of the postulates (CRO) - (CRT) is straightforward, due to the
representation Theorems 4.2.1 and 4.2.2. So we have

Proposition 4.4.1. The conditional revision operator xo defined by (4.12)
satisfies all of the postulates (CR0O) - (CR7).

Ezample 4.4.1 (Diagnosis). A physician has to make a diagnosis. The pati-
ent he is facing obviously feels ill, and at first glance, the physician supposes
that the patient is suffering from disease D causing mainly two symptoms, Sy
(major symptom) and Sy (minor symptom). To obtain certainty about these
symptoms, further examinations will be necessary the next days. The follo-
wing table shows an ordinal conditional function x representing the epistemic
state of the physician under these conditions:

D Sl SQ K D Sl SZ R
0 0 O 5 1 0 O 4
0 0 1 2 1 0 1 2
0 1 0 1 1 1 0 0
0 1 1 4 1 1 1 3

So in this epistemic state, D.S; S5 is considered to be the most plausible world,
i.e. Bel(k) E D, Sy, S2. Moreover, we have k = (S1|D), (D|S1), (S2|D), as
well as x = (S1|D).
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In the evening, the physician finds an article in a medical journal, poin-
ting out that symptom Dy has recently proved to be of major importance
for disease D. So the physician wants to revise k to incorporate the new
conditional belief (S3|D).

We make use of the revision operator *q introduced by (4.12) to calculate
a revised ordinal conditional function k %o (S2|D). Here we have k(DS3) =
2,k(DSs) = 0, so k [ (S2|D) and k(S2|D) = 2. By (4.12), we obtain

D Sl SQ K R *Q (SQ|D)
0 0 0 ) 5
0o 0 1 2 2
0 1 0 1 1
0 1 1 4 4
1 0 0 4 5
1 0 1 2 0
1 1 0 0 1
1 1 1 3 1

Comparing x and kg (S2| D), we see that the physician still believes in D, but
that his belief in S; is given up in favor of now believing S;. Moreover, the
conditional relationship between D and S} is weakened, (D|S1) can no longer
be entailed from & o (S2|D), and & %o (S2|D) [= (S1|D). The plausibility of
DS, however, is still quite high (k%o (S2|D)(DS7) = 1). Although a common
occurrence of both symptoms Sy and Sz is still excluded (k*q (S2|D)(S51.52) #
0), its plausibility is raised from 3 to 1.

The operator *¢ defined by (4.12) can be extended to adopt conditionals
(B|A)[m] quantified by a degree of firmness m > 0:

k(w) — K(BlA) if wkAB
kxo (BlA)[m] (w) = ¢ Klw) +m—k(B|4) if wgEAB (4.13)
K(w) if wgEA

It is easy to check that also this extended operator #( satisfies (a quantitative
version of) Postulate (CR2).

4.5 The Principle of Conditional Preservation

Minimality of change is a crucial paradigm for belief revision, and a “prin-
ciple of conditional preservation” is to realize this idea of minimality when
conditionals are involved in change. Minimizing absolutely the changes in
conditional beliefs, as in [BG93], is an important proposal to this aim, but
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it does not always lead to intuitive results (cf. [DP97a]). The idea we will
develop here rather aims at preserving the conditional structure of knowledge
within an epistemic state which we assume to be represented by a conditio-
nal valuation function V : £ — A (cf. Section 3.2). The propositions and
theorems to be presented in this section extend the results of [KI99a].

The notion of a conditional structure with respect to a set R of condi-
tionals was defined in Section 3.5, and in Section 3.6, we explained what it
means for V' to follow the structure imposed by R on the set of worlds by
introducing the notion of conditional indifference (cf. Definition 3.6.1).

Pursuing this approach further in the framework of belief revision, a revi-
sion of V' by simultaneously incorporating the conditionals in R, V* = VxR,
can be said to preserve the conditional structure of V' with respect to R if the
relative change function V*®V ~! is indifferent with respect to R. Taking into
regard prior knowledge V' and the worlds w with V(w) = 04 appropriately,
this gives rise to the following definitions:

Definition 4.5.1. Let V : L — A be a conditional valuation function, and
let R be a finite set of (quantified) conditionals. Let V* =V « R denote the
result of revising V' by R; in particular, suppose that V*(A) # 04 for all
(BJA) € R.

1. V* is called V-consistent iff V(w) = 04 implies V*(w) = 04; V* is called
strictly V-consistent iff V(w) = 04 & V*(w) = 04;

2. IfV* is V-consistent, then the relative change function (V*/V): 2 — A
1s defined by

* [ VHw)oVw)Tt if V(w)#0A
v ={ s ARANEN

3. V* is strictly indifferent (indifferent) with respect to R and V' iff V* is

V -consistent and the following two conditions hold:

(i) If V*(w) = 04 then V(w) = 04, or there is (B|]A) € R such
that o(pjay(w) # 1 and V*(w') = 04 for all W' with o(pja) (W) =
o(Bla)y(w).

(ii) (V*/V)(©1) = (V*/V)(®2) whenever or(@;) = or(w2) (and
@100 = Gaf2y) for &y, 00 € !AZL where (AZi = (w e N|V*w) #04).

4. A revision V* is said to satisfy the (strict) principle of conditional pre-
servation with respect to R and V' iff V* is (strictly) indifferent with
respect to R and V.

Thus in a numerical framework, the principle of conditional preservation
is realized as an indifference property.
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Remark 4.5.1. Though the relative change function (V*/V') is not a conditio-
nal valuation function, it may nevertheless be extended to a homomorphism
(V*/V): f\Zj_ — (A, ®) (see Section 3.6). Therefore, Definition 4.5.1(3) is an
appropriate modification of Definition 3.6.1 for revisions.

Note that the principle of conditional preservation is based only on ob-
serving conditional structures, without using any acceptance conditions or
taking quantifications of conditionals into account.

To illustrate the postulate for conditional preservation once again in a
probabilistic setting, we will return to the Florida murderers-example (see
Example 3.5.1 in Section 3.5, page 40).

Ezample 4.5.1 (Florida murderers, continued). The propositional variables
involved here are V = Victim (of the murder) is black or white, respectively,
0 € {vp, vy} , M = Murderer is black or white, respectively, m € {mp, my},
and D = Murderer is sentenced to Death, de {d,d}. The following probabi-
lity distribution P mirrors the sentencing policy in the US state of Florida
during a six years period:

w P(w) w P(w)
VMapd | 0.0151 || vpmayd | 0.4353

vempd | 0.0101 vwmbcg 0.0502
Vp My d 0 vpMyd | 0.0233

vpmpd | 0.0023 || vympd | 0.4637

Assume that in a following year, we observe a slightly changed relationship
between my, and d, say (d|mp)[0.03] instead of (d|my)[0.0236], and we want
P to be adjusted to this new information. So we have R = {(d|m;)[0.03]},
and let two symbols a™,a™ be associated with R. The conditional structures
with respect to R are calculated easily as follows:

OR (VypMyd) = oR (VwMywd) = or(vpmyd) = or(Vemyd) = 1,
or (Vympd) = o (vympd) = at,
or(Vempd) = or(vympd) = a”.

Counsider the elements ©; = vympd - vompd and Bs = vympd - vy Mpd with
equal conditional structures or(w1) = ata™ = og(@s). Therefore for P* to
be indifferent with respect to R and P, it has to satisfy

P*(vympd) P*(vympd) — P(vpmpd) P(vymyd)

P*(vpmypd) P*(vpmpd) — P(vpmpd) P(vemyd)’

which corresponds to equation (3.17), page 41.
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Thus the concept of conditional structures helps us to get a technically
clear and precise formalization of the intuitive idea of conditional preserva-
tion.

Thus we have developed two formal approaches to realize the idea of
preserving conditional beliefs, one via the postulates (CR5)-(CR7) presen-
ted in Section 4.1, the other by applying the concept of conditional indiffe-
rence appropriately in Definition 4.5.1(4). Though Proposition 3.5.1 reveals
a connection between conditional structures, as introduced in Section 3.5,
and the relations C and |l used to formalize (CR5)-(CR7), it still remains to
make clear the compatibility of both approaches. Theorem 4.5.1 below will
show that, within a qualitative setting, in the case that R consists of only
one conditional (B|A), any strictly V-consistent revision V xR satisfying the
principle of conditional preservation with respect to R and V also obeys the
postulates (CR5)-(CRT).

We begin by characterizing revisions V* =V « R =V x (B|A) satisfying
the principle of conditional preservation with respect to R = {(B|A)} and
V. As a basic requirement for such revisions, we will only presuppose that
V*(A) # 04, instead of the (stronger) success postulate V* = (B|A). This
makes the results to be presented independent of acceptance conditions and
helps concentrating on conditional structures; in particular, it will be possible
to make use of these results even when conditionals are assigned numerical
degrees of acceptance. Note that the principle of conditional preservation
with respect to R does not imply the acceptance of R in general.

Proposition 4.5.1. LetV : L — A be a conditional valuation function, and
let R ={(B|A)},(B|A) € (L] L) consist of only one conditional. Let V* =
V xR =V % (B|A) denote a revision of V by (B|A) such that V*(A) # 04,

1. V* satisfies the strict principle of conditional preservation with respect
to V and R iff there are constants o™, o~ € A such that

atoV(w) if wEAB
Viw)=¢ a” 0V(w) if wk éﬁ (4.14)
V(w) if wEA

2. V* satisfies the principle of conditional preservation with respect to V
and R iff there are constants ag,at, o™ € A such that

ateV(w) if wpkE AB
Vi w)=4q a oV(w) if wkEAB (4.15)
ag OV(w) if wEA
3. If V* is strictly V -consistent, then all constants ag, o, o~ € A in parts
1. and 2. may be chosen # 0A.
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Before focussing on qualitative acceptance of conditionals (see Section 4.3),
we will formulate a quantitative counterpart of postulate (CR5) for conditio-
nal valuation functions V:

(CR57“*") If (D|C)1L(B|A) and V(CD), (V * (B|A))(CD) # 04, then

V(CD)® V(CD)™ ! = (V *(B|A))(CD)® (V * (B|A)(CD)™*.

(CR59“™) ensures that essentially, the values assigned to conditionals
which are perpendicular to the revising conditional are not changed under
revision:

Lemma 4.5.1. Suppose the revision V x (B|A) is strictly V -consistent and
satisfies (CR57““™ ). Then for any conditional (D|C) 1 (B|A) with V(C) #
04, it holds that

V(DIC) = (V = (BJA))(DIC)

The following proposition shows that substantially, (CR57“*""") is stronger
than its qualitative counterpart (CR5):

Proposition 4.5.2. Let V* = V « R = V « {(B|A)} denote a strictly V-
consistent revision of V by (B|A) such that V*(A) # 0A. If V* fulfills
(CR52“™ ) " then it also satisfies (CR5).

The following theorem identifies the principle of conditional preservation
(or conditional indifference, respectively) as a fundamental device to guide
reasonable changes in the conditional structure of knowledge:

Theorem 4.5.1. Let V : L — A be a conditional valuation function, and
let R = {(BJA)}, (B|A) € (L | L), consist of only one conditional. Let V* =
V«R denote a strictly V -consistent revision of V by R fulfilling the postulates
(CR1) (success) and (CR2) (stability).

If V* satisfies the principle of conditional preservation, then the revision
also satisfies postulate (CR57“™ ) and the postulates (CR6) and (CR7); in
particular, it satisfies all of the postulates (CR5)-(CR7) (see Section 4.1).

4.6 C-Revisions and C-Representations

Essentially, the principle of conditional preservation means the strict indif-
ference of the relative change function (V*/V) with respect to the revising
set R of conditionals. In the preceding section, we showed that in case that
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R consists of only one conditional, this is compatible with the qualitative
notion of conditional preservation described by the postulates (CR5)-(CR7).

In this section, we will return to the more general framework of considering
the simultaneous revision by a set of (quantified) conditionals, and we will
take the success condition (CR1), V* = R, more explicitly into account. In
particular, for probability functions and for ordinal conditional functions, we
will present practical schemes to obtain revisions satisfying the principle of
conditional preservation by making use of the results in Section 3.6.

Definition 4.6.1. Let V. V* : L — A be conditional valuation functions, and
let R be a set of (quantified) conditionals. A conditional valuation function
V*: L — A is called a (strict) c-revision of V by R iff V* satisfies the
(strict) principle of conditional preservation with respect to V. and R, and
V*ER.

A c-revision is based both on V and R, using V as a reference point
and R as a guideline for changes. The prefix “c” marks the conditional well-
behavedness of such revisions. C-revisions will sometimes also be called c-
adaptations, in particular within a probabilistic framework (cf. [KI98a]).

A special case arises if no prior knowledge to be revised is at hand, and the
set R of (quantified) conditionals constitutes the only knowledge available.
Then the problem is to find a conditional valuation function, i.e. an epistemic
state, that represents R most adequately. This representation problem may
be considered as a particular revision problem, in taking the uniform condi-
tional valuation function (see Definition 3.2.2, page 33), Vp, as an appropriate
conditional valuation function to start revision with. By assigning the same
degree of probability, plausibility, etc. to each world in {2, Vj represents a
state of complete ignorance in this framework.

Definition 4.6.2. A conditional valuation function V* : L — A is called a
(strict) c-representation of a set R of (quantified) conditionals, iff V* satisfies
the (strict) principle of conditional preservation with respect to Vy and R, and
V*ER.

The following proposition shows that the uniform distribution actually
plays a neutral part for c-representations, having only a normalizing effect
on the representing conditional valuation function. Furthermore, the compa-
tibility of the concepts of conditional indifference, developed for revisions in
Section 4.5 and for conditional valuation functions in Section 3.6, is stated
(see, in particular, Definitions 3.6.1 and 4.5.1).

Proposition 4.6.1. A conditional valuation function V* is indifferent with
respect to R and Vjy iff V* is indifferent with respect to R.



68 4. Revising Epistemic States by Conditional Beliefs

We will now transfer the notions and results of Section 3.6 into the fra-
mework of revision (see pages 48 ff.).

Definition 4.6.3. Let V,V* : L — A be conditional valuation functions, let
R be a set of (quantified) conditionals.

1. V* is called o faithful c-revision of V by R iff V* is a c-revision of V by
R satisfying kerg og N §25 = kerg (V*/V).

2. V* is called a faithful c-representation of R iff V* is a c-representation
of R satisfying kerg or N (2} = kerg V™.

Due to their strict obeying of prior knowledge and new information, fai-
thful c-revisions and c-representations will prove to be especially useful in
the context of knowledge discovery and data mining (see Chapter 8).

The next theorem characterizes revisions of ordinal conditional functions
that satisfy the principle of conditional preservation. The theorem is obvious
by observing Corollary 3.6.4, page 51.

Theorem 4.6.1. Let k,k* be ordinal conditional functions, and let R =
{(B1|41), ..., (BnlAn)} be a (finite) set of conditionals in (L | L).

A revision k¥ = kxR satisfies the principle of conditional preservation iff
K*(A;) # oo for all i,1 < i < n, and there are numbers /iomj,n; eQ,1<
1 < n, such that

K (w) = k(w) + Ko + Z ki + Z K; (4.16)

1<i<n 1<i<n
wl=A; B, wl=A;B;

for allw € 0.
Combining Theorem 4.6.1 with Lemma 4.3.1, we obtain

Corollary 4.6.1. Let R = {(B1]41),...,(Bn|An)} be a (finite) set of con-
ditionals in (L | L), and let k be an ordinal conditional function.

K is a c-representation of R iff k(A;) # oo for all i,1 < i < n, and there
are numbers kg, nj‘, k; € Q,1 < i< n, such that

K(w) = Ko + Z ki + Z K, , wE€E {2, (4.17)

1<ig<n 1<ig<n
wl=A;B; wi=A;B;

and
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nj —r; < min E KT+ E K
= J J
wEAiB; oy Iz
wl=A;Bj wE=A;Bj

— min E Ksj + E K;;
w‘:Ai B; - ”

A well-known method to calculate an ordinal conditional function apt to
represent a (finite) set R = {r; = (B;|A;) | 1 < i < n} of conditionals is the
system-Z of Goldszmidt and Pearl ([GP92, GP96]). The basic idea of system-
Z is to observe the (logical) interactions of the conditionals in R which are
described by the notion of tolerance. A conditional (B|A) is tolerated by a
set of conditionals S iff there is a world w such that w confirms (B|A) and
w does not refute any of the conditionals in S. If R is consistent, then there
is an ordered partition Rg,R1,...,Rr of R such that each conditional in
R is tolerated by Uf:m Rj, 0 < m < k (for more details see, for instance,
[GP96]).

The system-Z ranking function, x*, representing R is given by

0, if w does not falsify any r;,
Klw)=<¢ 1+ max Z(r;), otherwise (4.18)
wEA B,
where Z(r;) = j iff r; € R;. k% assigns to each world w the lowest possible
rank admissible with respect to the constraints in R.

Comparing (4.18) with (4.17), we see that in general, k* is not a c-
representation of R, since in its definition (4.18), mazimum is used instead
of summation (see Example 4.6.1 below). The partition Rg, R1, ..., Rk of R,
however, may well serve to define appropriate constants x; in (4.17). Setting
Ko := k] := 0, and

k; = | min g kr | +1 (4.19)
w\:ALBL 1 J
rieUL" Ry
wi=A,B;
for each conditional r; € R,,,m = 0,...,k successively, we obtain a c-

representation xZ of R via

Ki(w) = K; (4.20)
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Ezample 4.6.1 (System Z). Consider the set R consisting of the following
conditionals:

r1: (f|b) Birds fly.

ro: (blp) Penguins are birds.

r3: (flp) Penguins do not fly.

ry: (w|b) Birds have wings.

rs: (alf) Animals that fly are airborne.

(see Example 17 in [GP96, p. 68f]). Here R is partitioned by Rg = {r1, 74,75}
and Ry = {re,r3} (for the details, see [GP96, p. 69]). By applying (4.19),
we calculate k] = k; = Kk; = 1 and k3 = k3 = 2. Actually, in this
example, xZ from (4.20) coincides with the system-Z* ranking function (cf.
[GMP93, BP99]). We obtain, for example,

KZ(pb fwa) = 0,
KZ(pbfwa) = k] =1,
kZ(pbfwa) = Ky + K3 + kK5 = 5.

In Table 4.1, we list the ranks of all possible worlds, first computed by system-
Z, according to (4.18), and then computed as a c-representation of R, accor-
ding to (4.20). Comparing x*(w) to xZ(w), we see that kZ is more fine-grained.
Table 4.1 also reveals that x* is not a c-representation of R: Assigning the

Table 4.1. Rankings for Example 4.6.1

w Ko (W) | Fe(w) || w (W) | ke(w)
pbfwa 2 2 pbfwa 0 0
pbfwa 2 3 pbfwa 1 1
pbfwa 2 3 pbfwa 1 1
pbfwa 2 4 pbfwa 1 2
pbfwa 1 1 pbfwa 1 1
pbfwa 1 1 pbfwa 1 1
pbfwa 1 2 pbfwa 1 2
pbfwa 1 2 pbfwa 1 2
pbfwa 2 4 Pbfwa 0 0
pbfwa 2 5 pbfwa 1 1
pbfwa 2 4 pbfwa 0 0
pbfwa 2 5 pbfwa 1 1
pE zwa 2 2 ﬁE Zwa 0 0
pb fwa 2 2 pb fwa 0 0
pb fwa 2 2 pb fwa 0 0
pb fwa 2 2 pb fwa 0 0
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symbols aj, a; to the conditionals ; in R, 1 < 4 < 5, respectively, we obtain
(pbfwa . pbfwa) ayazail -aafa;
OR -

pbfwa - pbfwa ayaja; -aafa;

:1’

but

(GBI ifua) + (o)
—K*(pbfwa) — x*(pbfwa)

3-2=1%#0.

In a probabilistic framework, we obtain the following theorem charac-
terizing c-revisions of probability distributions, immediately by making use
of Corollary 3.6.2, page 50 and observing the success condition (see also
[KTI98a]).

Theorem 4.6.2. Suppose P is a probability distribution and R =
{(B1]A1) [z1], - - -, (BnlAn) [xn]} is a P-consistent set of probabilistic condi-
tionals.

A probability distribution P* is a c-revision of P with respect to R if
and only if there are real numbers ao,af,af, coa an with ag > 0 and
af,al,...,a;} a; satisfying the positivity condition

n?

of a7 20, of =0iffz; =0, o =0iffr;=1,1<i<n, (4.21)

(2 3

and the adjustment condition

1-z)of > Pw [[ o I o (4.22)

w\_A B, A I
w\:Aij w\:A] J
= ziq; g P(w) H a;-' H a;, 1<i<n,
s ji i
wEAiB wEA;Bj wl=A; B

such that
P*w)=aoPw) [[ of JI o (4.23)
1<ign 1<ign
wl=A;B; w=A;B;

for all worlds w € 2.

Results for probabilistic and OCF-c-representations are easily obtained
by using the corresponding uniform function as prior knowledge Py or ko,
respectively. The normalizing effect of the uniform prior function may then be
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subsumed by the constant ayg so that no explicit occurrence of prior knowledge
will be necessary in the formulas (4.23) and (4.16), respectively.

Theorems 4.6.1 and 4.6.2 above provide a practical method to realize revi-
sions following the principle of conditional preservation in an OCF- or proba-
bilistic framework, respectively. Note that they generalize Proposition 4.5.1
appropriately in so far as now sets of conditionals are considered. Intuitively,
the involved constants «q, af, aj ... af an and Ko, Ii;r, Kl ye-s K, Ko, TE-
spectively, should be chosen appropriately to keep the amount of change “mi-
nimal”. The revision operator *o presented in Section 4.4 (see (4.12), page

61) obviously intends to meet this requirement.

In the next chapter, we will develop the ME-revision of a probability
distribution P by a set of quantified conditionals R from the approach (4.23)
by imposing suitable constraints on the constants ay, af, ay,..ar an.



5. Characterizing the Principle of Minimum
Cross-Entropy

Probability theory provides a sound and convenient machinery to be used
for knowledge representation and automated reasoning (see, for instance,
[Cox46, DPT90, DP91b, LS88, Pea88, TGK92]). In many cases, only relati-
vely few relationships between relevant variables are known, due to incom-
plete information. Or maybe, an abstractional representation is intended,
incorporating only fundamental relationships. In both cases, the knowledge
explicitly stated is not sufficient to determine uniquely a probability distri-
bution. One way to cope with this indetermination is to calculate upper and
lower bounds for probabilities (cf. [Nil86, TGK92, DPT90]). This method, ho-
wever, brings about two problems: Sometimes the inferred bounds are quite
bad, and one has to handle intervals instead of single values.

An alternative way that provides best expectation values for the unknown
probabilities and guarantees a logically sound reasoning is to use the prin-
ciple of maximum entropy resp. the principle of minimum cross entropy to
represent all available probabilistic knowledge by a unique distribution (see
Section 2.5; cf. [Sho86, Kul68, Jay83a, GHK94]). Here we assume the avai-
lable knowledge to constitute of a (consistent) set R of conditionals, each
equipped with a probability, usually providing only incomplete probabilistic
knowledge.

The aim of this chapter is to establish a direct and constructive link
between probabilistic conditionals and their suitable representation via dis-
tributions, taking prior knowledge into account if necessary. We develope
the following four principles which mark the corner-stones for using quanti-
fied conditionals consistently for probabilistic knowledge representation and
updating:

(P1) The principle of conditional preservation: this is to express that prior
conditional dependencies shall be preserved “as far as possible” under
adaptation;

(P2) the idea of a functional concept which underlies the adaptation and
which allows us to calculate a posterior distribution from prior and
new knowledge;

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pjj-]'3-90, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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(P3) the principle of logical coherence!: posterior distributions shall be used
coherently as priors for further inferences; and

(P4) the principle of representation invariance: the resulting distribution
shall not depend upon the actual probabilistic representation of the
new information.

(P1) links numerical changes to the conditional structure of the new infor-
mation. (P2) realizes a computable relationship between prior and posterior
knowledge by means of appropriate real functions. (P3) forestalls ambiva-
lent results of updating procedures, and (P4) should be self-evident within a
probabilistic framework.

As we will show, the only method that solves the probabilistic revision
problem

(*prop) Given a (prior) distribution P and some finite set of probabilistic
conditionals R = {(By|A1) [z1], ..., (Bn|An) [zn]} C (£ | £)7", how
should P be modified to yield a (posterior) distribution P* with P* |=
R?

while obeying all of the principles (P1) to (P4) is provided by the principle
of minimum cross-entropy. The first two axioms (P1) and (P2) will lead to a
scheme for adjusting a prior distribution to new conditional information, and
the principles of logical coherence and of representation invariance will be ap-
plied to this scheme, yielding the desired result. Thus a new characterization
of the ME-principles is obtained, completely based on probabilistic conditio-
nals and establishing reasoning at optimum entropy as a most fundamental
inference method in the area of quantified uncertain reasoning.

Compared to the earlier papers [PV90, SJ80], the characterization pre-
sented here points out a more constructive approach to the ME-principles.
We will show that ME-inference not only respects (conditional) independen-
cies but that it is basically determined by conditional dependencies (obey-
ing independence properties where no dependency exists), recommending the
ME-principles as most adequate methods for reasoning with probabilistic con-
ditionals. So in contrast to Bayesian networks (cf. e.g. [LS88]), probabilistic
networks based on ME-techniques (cf. [RKI97b, RM96]) do not require lots
of probabilities and independence assumptions to process quantified condi-
tional knowledge properly. Moreover, the methods used in this book are quite
different from those in [SJ80] and in [PV90]. In particular, there will be no
need to make use of optimization theory, as in [SJ80], or to transfer the
problem into the context of linear algebra, as in [PV90]. Our development
explains clearly how the ME-principles may be completely based on probabi-

! this principle is called principle of logical consistency in [KI98a]
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listic conditionals. This may improve significantly the explanatory features of
computational systems that use these principles for knowledge representation
and processing (as, e.g. SPIRIT, cf. [RKI97b, RM96]).

The results presented in this chapter were published in [KI96a] and in
[KI98a].

5.1 Conditional Preservation

The principle of conditional preservation (P1) has already been formalized
and explained in Section 4.5, using the notions of conditional structures of
worlds and that of indifference with respect to (sets of) conditionals. In
Section 4.6, Definition 4.6.1, revisions satisfying this principle of conditio-
nal preservation have been introduced as c-revisions, realizing perfectly a
conditional-logical approach to the adaptation problem (s,.0p):

Postulate (P1): conditional preservation
The solution P* of (#prep) is a c-revision.

Theorem 4.6.2 characterizes c-revisions providing a solution to problem
(*prob) as distributions of the form

P*(w) = agP(w) H af H a; (5.1)

1<i<n 1<i<n
wl=A;B; w=A; By
where ao,af, aj,...,qf a; are real numbers with ag > 0 and af, oy, ...,
a;f, o, satisfying the positivity condition, (4.21),
of ,a; 20, aof =0iffz; =0, o; =0iffz; =1 (5.2)

and the adjustment condition, (4.23),

(1-z)of Y. Pw) ] of I o

wi=A; B i iF
w=A; B wi=A;B;
- + -
T E P(w) H o H oy, (5.3)
—AB i i
wEAiB; w=A; B wiEA; By

for 1 < i < n. Due to their simple structure, c-revisions were taken as an in-
tuitively appealing approach to realize adaptations to conditional constraints
in [KI97a.
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To maintain compatibility between prior and posterior distributions, P*
has to be P-consistent (which coincides with the notion of P-continuity,
denoted as P* <« P; cf. Definition 4.5.1, p. 63), i.e. P(w) = 0 implies
P*(w) = 0. Thus to avoid obvious inconsistencies, the set R is supposed
to be P-consistent:

Definition 5.1.1. A set R C (L | £)"™" of probabilistic conditionals is said
to be P-consistent iff there is some distribution Q with Q@ < P and Q = R.

Definition 5.1.2. For a prior distribution P and some P-consistent set R
of probabilistic conditionals, let C(P,R) denote the set of all c-revisions of P
by R:

C(P,R) :={P}|P} is a c-revision of P by R} .

Remark 5.1.1. Throughout this chapter, we will assume without further men-
tioning that the necessity of zero posterior probabilities is stated explicitly in
R, ie. if for any Q < P, Q = R implies Q(w) = 0, then P(w) = 0, or there
is a conditional (B|A) [z] € R such that either z =1 and w = AB or 2 = 0
and w = AB.

The ME-solution to (#prb) is the one distribution Pyp that satisfies all
constraints in R and has minimal cross-entropy with respect to P, i.e. Pyg
solves the minimization problem

min R(Q, P) Z Q(w )
wes? )
s.t. @ is a probability distribution with @ E R

(5.4)

(see Section 2.5, p. 25).

If R is a P-consistent (finite) set of conditionals, then the ME-solution
Puyg of (%prob) s guaranteed to exist (cf. [Csi75]).

The condition @ = R imposed on a distribution @ can be transformed
equivalently into a system of linear equality constraints for the probabilities
Q(w). Using the well-known Lagrange techniques (see, for instance, [Jay83b]),
we may represent Py in the form

Pygw)=aoPw) [] o™ J] o™, (5.5)

1<i<n 1<i<n

wl=A; B; wi=A; By
with the «;’s being exponentials of the Lagrange multipliers, one for each
conditional in R, and ag = exp(Ao — 1), where )¢ is the Lagrange multiplier
of the constraint ) Qw) =1
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By construction, Pyg satisfies all conditionals in R: Pyg (B;|A;) = x4,
which is equivalent to (1 —z)Pyg (A;B;) = zPyg (AZE) foralle, 1 <i<n.

So ay, ..., ay are solutions of the nonlinear equations
171J‘ —Ty
ZiP(w) J];[ ; Jl;[ a;
i wEA;B; wlEA;B; wEA; B (5.6)
Q= i l—x; —x;? .
I—zi Y Pw) H a; H a; ™’
w\:AiBi JF#i JA
wi=A;Bj w=A;B;
>0 : x;€(0,1)
with o, =00 : z;=1 ,1<i<n, (5.7)

using the conventions oco® = 1, co™! = 0 and 0° = 1. aq arises simply as
a normalizing factor. Each «; symbolizes the impact of the corresponding
rule when P is modified. It depends upon the prior distribution P, the other
rules and probabilities in R and - in a distinguished way - on the probability
of the conditional it corresponds to. Using the representation formula (5.5)
above, it is possible to indicate which of the conditionals in R actually makes
a contribution to a conditional information derived from the posterior ME-
distribution (similar to listing active rules in rule based systems).

Comparing (5.5), (5.6) and (5.7) to (5.1), (5.3) and (5.2) above, we see
that the ME-distribution Pjg is in particular a c-revision of P by R, with
+ 1—x;

_ - T
o =q; and a; =a; 7.

Because ME-revisions exist for priors P and P-consistent sets R, we have

Corollary 5.1.1. For any prior distribution P and any P-consistent set R
of probabilistic conditionals, C(P,R) # 0.

Note that we presupposed zero probabilities to be represented explicitly
(cf. remark after Definition 5.1.2).

So c-revisions generalize the concept of ME-revisions and embed it into a
conditional-logical environment. We will make use of probabilistic c-revisions
in the form (5.1). Distributions of this type will play a major part in the
following.

Definition 5.1.3. Let P be a distribution, and let af,af, ot an be
non-negative real numbers such that S Pw) T[] of T[] «o; > 0.
) 1<i<n 1<i<n
wEAB; wiEA;B;
Then Plaf,ay,...,a;t, a;] denotes the distribution
Plaf,ay,...,af ] (w) = agP(w) H o H o;

1<i<n 1<i<n
wi=A,; B; wi=A;B;
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-1

where g = | Y P(w) [ o I «f

The normalizing factor oy is completely determined by P and af, oy, ...

ot a; . Note that Plaf,ay,...,a;,a;] is P-consistent.

According to Theorem 4.6.2, for any c-revision P* of P by R, there are
non-negative real weight factors af ,ay,. .., ., a; satisfying (5.2) and (5.3)
such that P* = Plaj, a7 ,...,a;t, a;]. Define

wf(P*) = {(af}af, ool ar) R
(af,a7,...,a;t, ;) satisfies (5.2), (5.3)
and P* = Plaf,ay,..., o, 0]}

for any P* € C(P,R). In general, weight factors of c-revisions are not uni-
quely determined, so that card(wf(P*)) > 1.

As the proof of Theorem 4.6.2 shows, (5.2) ensures that all premises A;
occurring in R have positive probabilities in Pla], ay, ..., a;], and (5.3)
then is equivalent to Plaf, a7, ..., o, a] ER.

Corollary 5.1.2. Let P be a distribution, and suppose R is a P-consistent
set of probabilistic rules.
Ifaf,ar,...,af, ap are reals satisfying (5.2) then Plaf,ay, ..., o, ar ] =

Riff of ,af ... ot o fulfill (5.9).

Therefore, we define

WF(P,R) = U  wrep (5.8)
P*eC(P,R)
= {(of,0r,...,0) ;) eR™™ | (5.9)

(af ,ar,...,af, o) satisfies (5.2), (5.3)}

So, c-revisions actually realize quite a simple idea of adaptation to new
conditional information:

When calculating the posterior probability function P*, one only has to
check the conditional structure of each elementary event w with respect to
R = {(B1|A1) [21],- .., (Ba]An) [zn]} € (L] £)P™", set up P*(w) according
to (5.1) with unknown quantities af,a;,...,a;,a; and then determine
appropriate values for these a , a7, ..., a;, a;; using (5.2) and (5.3), so that
R is satisfied. Finally, ay is computed as a normalizing factor to make P* a
probability distribution.

The following example briefly illustrates this adaptation scheme.
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FEzxzample 5.1.1. Let P be a positive distribution over two atoms a,b, and
suppose R = {(bla)[z]} with = € (0,1). Applying the formulas above, any
c-revision PY of P by R may be written as

Pr(ab) = apP(ab)a] P*(ab) = apP(ab)a;
Pc* (Elb) = Oé(]P(Elb) Pc* (le_)) = O[()P(le_))
with
af,ay >0, (1 —x)a; P(ab) = za; P(ab)
and

0 = (iP(ab)aT + P(ab) + P(ab)) -

So, for instance, we obtain an infinite set of c-revisions of P by R by setting
simply

af = xP(ab)ym, o] = (1 —z)P(ab)m with m € N,

and choosing g appropriately.

C-revisions provide a straightforward scheme to calculate solutions to
the adjustment problem (*,,.,). ME-revisions are a special instance of this
scheme, and it is of interest to investigate which of the characteristics of
ME-distributions also hold for c-revisions in general.

The author proved in [KI96b, KI98¢c| that c-revisions possess the pro-
perties of system independence and of subset independence which both played
an outstanding part in Shore and Johnson’s [SJ80] characterization of the
ME-principle. They also cope in an elegant manner with irrelevant informa-
tion in that posterior marginals are determined only by conditionals involving
the respective variables (cf. [KI96b, KI98c|; see also [PV90]). All this is due
to their modular, conditional-logical structure.

There is another principle that ME-adaptations actually seem to fail at
first sight and that can now be formulated adequately and proved in terms
of c-revisions: it is the Atomicity Principle stating that substituting formulas
for variables shall not affect the adjustment process (cf. [PV97]):

Theorem 5.1.1 (Atomicity principle). Let V = {Vi,V5,...} and V' =
{V{,V4,...} be two finite disjoint sets of binary propositional variables with
corresponding sets of elementary events 2 resp. ', and let V be ano-
ther binary variable not contained in either of them. Suppose A € L (V')
18 a propositional formula that is neither a tautology nor a contradiction,
using only variables in V'. Let R = {(B1|A41)[z1],-..,(BnlAyn) [zn]} be a
set of probabilistic conditionals with antecedents A; and consequences B; in
L(VU{V}). Let A? resp. Bf denote the formulas that arise when each
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occurrence of V. in A; resp. By is replaced by A1 < i < n, and so
RA = {(BOIAD) 1), (BRAD ]} € (£ £ (VUV).

Consider the two distributions P’ over V UV’ and P over VU {V}, re-
spectively, that are related via P(0w) = 5, P'(w'w), and suppose R to be

w'en!
w/'|=A

P-consistent. Then R? is P'-consistent, and WF(P,R) = WF(P',R?).

We omit the straightforward but technical proof. This result emphasizes
the importance of the weight factors af, aj,...,af o as logical represen-
tatives of an adaptation scheme.

In the rest of this chapter, we will investigate which postulates are
to be imposed on a probabilistic c-revision so as to force the constants
af,a;, ...,af ar to take on the ME-form, where the «;’s are given by
(5.6).

5.2 The Functional Concept

The concept of c-revisions is not perfect - it fails to satisfy uniqueness: Ex-
ample 5.1.1 above shows that, even in the simple case when dealing with two
variables and one conditional to be adjusted to, the resulting c-revision is
not uniquely determined. In general, W F (P, R) will contain lots of elements,
and there will be many different posterior c-revisions. Demanding uniquen-
ess means to assume a functional concept that guides the finding of a “best
solution” so that a unique distribution of type (5.1) arises in dependence of
the prior knowledge P and the new conditional information R.

It is not only the abstract property of uniqueness, however, that makes
a functional concept desirable. In a fundamental sense, there should be a
clear and understandable dependence between prior distribution, new (con-
ditional) information and resulting posterior distribution, i.e. a - somehow
well-behaved - function F : (P,R) — P* that works for all distributions P
and all P-consistent sets R (cf. [G&r88]). These arguments P and R, howe-
ver, are quite monstrous. The knowledge represented by them is usually huge
and hard to grasp, let alone introducing such concepts as continuity or even
differentiability to describe a functional well-behavedness.

Moreover, P* should depend significantly only on the relevant parts of
the prior P, i.e. relevant with respect to the new information R. Treating
this problem requires making clear what relevant information is, and how
irrelevant information should be handled.

Let R = {(B1|A1)[x1],-..,(Bn|An) [z4]}, and suppose Py, Py are two
distributions with Pj(w|A4;) = Pa(w|A4;) for all w € 2 and for all i =1, ...,n.
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Then P;, P, match on all parts which are relevant with respect to R, so the
difference in their posterior relative changes should be insignificant, namely
a constant (due to possible differences in irrelevant parts):

Definition 5.2.1. Suppose F : (P,R) — P* is a function that assigns a
P-consistent distribution P* satisfying R to any pair (P, R) with P being a
distribution and R representing a P-consistent set of probabilistic rules. Then
F fulfills the relevance condition iff the following holds:

Let R = {(B1|A1) [x1], - .., (Bn|Av) [z4]}, and suppose Py, Py are two dis-
tributions with Py (w|A4;) = Py(w|A;) for all w € £2 and for alli =1,...,n,
Pi(w) = 0 iff Po(w) = 0 and such that R is Pi- and Py-consistent. Let
Pf = F(Py,R),k = 1,2. Then Pj(w) = 0 iff Py(w) = 0, and there is a
constant const such that

Pi(w)  Pj(w)
Pi(w) = Py(w)

for allw € 2 with P} (w) # 0,k =1,2.

Let AP denote the set of all pairs (P, R) representing a solvable adjust-
ment problem (%p,op):

AP = {(P, R) | P distribution, R C (£ | £)""™", R P—consistent}

According to postulate (P1), the solution to the adaptation problem (s.0p)
should be a c-revision. The following proposition shows that the prerequisites
formulated in Definition 5.2.1 in fact are able to capture the idea of relevant
information for c-revisions:

Proposition 5.2.1. Let R = {(B1]A1) [z1], ..., (BnlAn) [zn]}, and suppose
Py, Py are two distributions with Py(w|A;) = Py(w|4;) for all w € 2 and
foralli =1,..,n, Pi(w) = 0 iff Po(w) = 0 and such that R is P1- and
Py-consistent. Then WF(P;,R) = WF (P, R).

Therefore distributions incorporating the same relevant conditional kno-
wledge have the same sets of weight factors occurring in the corresponding
c-adaptations.

Let us henceforth assume that there is a function
F.: AP>(P,R)— P’ € C(P,R) (5.10)

that assigns to each pair (P, R) € AP a particular c-revision. We will describe
F. by specific properties of the weight factors involved.
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Proposition 5.2.2. Assume (P,R) € AP, R = {(Bil41)[z1],-.-,
(BnlAy) [z40]}, and let P¥ = Plaf,ay,...,at,a;] € C(P,R) be a c-
revision of P by R with weight factors (af,ay,...,af,a;) € wf(P*)
Suppose I U J is a partition of {1,...,n}, and set P; := Plaj,a; lier,

Ry = {(Bjl4)) [z;]} e,
Then (oz;',aj_)jej € WF(Pr,Ry) and

Prlact a; “lies = Plaf,ar, ...l ar].

30 no

So, once weight factors af, aj,...,qf  a; are chosen to yield a “best”
solution P} € C(P, R), they should yield “best” solutions in C'(Pr, Rs) (with
all notations as stated in the text of Proposition 5.2.2). We name this property
continuity (of solutions):

Definition 5.2.2. Let F. be as described in (5.10). F. satisfies the continuity
condition if the following holds:

Suppose (P,R) € AP with R = {(B1]|41) [z1],...,(Bn|4n) [zn]}, and
assume of ,ay,...,af ar € wf(F(P,R)). Let I U J be a partition of
{1,...,n}, and set P; := Plaf,a; |ier, Ry = {(B“A‘)[,T‘]}JEJ. Then
(a+ a;)jes €wf(Fe(Pr,Ry)), i.e. Fo(Pr,Ry) = Pila),aj |jes = Fe(P,R).

7 7
Finally, F. should obey the principle of atomicity (cf. Theorem 5.1.1):

Definition 5.2.3. Let F. be as described in (5.10). F. satisfies the ato-
micity condition if for any (P,R),(P',R?) € AP as in Theorem 5.1.1,
wf(Fo(P,R)) = wf(F.(P',R?)).

The following proposition derives necessary conditions for a function F,
to fulfill the conditions of relevance, continuity and atomicity in special but
important cases:

Proposition 5.2.3. Assume F. as described in (5.10).

(1) Suppose Py, Py are positive distributions over two atoms a, b, with Py (b|a)
= Py(bla), and let R = {(bla)[z]}, = € (0,1). If F. satisfies the relevance
condition, then the weight factors o, o~ resp. 81,37 of F.(P1,R) resp.
Fo(P,R) are equal in pairs, i.e. ot = BT and o~ = 3.

(ii) Suppose F. satisfies the conditions of relevance, continuity and atomi-
city. Let (P,R) € AP with positive prior P such that no variable oc-
curs both in antecedent and consequent of a conditional in R and all
assigned probabilities in R are different from 0 and 1. Then the weight
factors o, ™ associated in F.(P,R) with a conditional in R only de-

pend upon the probability x of this conditional and upon their quoti-
+

ent a—_. That means, for any (P,R),(P',R') € AP, P,P’ positive,
a
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R = {(B|A)[z], (B[A1)[aa], ...}, R = {(B'[A)[z], (B1[A})[A], - .-},
both sets finite, all of x,z;,x; € (0,1), no variable occurring both in
antecedent and consequent of any conditional in R and R', and for
any weight factors ot o~ resp. o'T,a'~ associated in F.(P,R) resp.
F.(P',R") with the conditional (B|A) [x] resp. (B'|A")[z],

at ot

a~ o'~

implies o =dT anda” =«

/—

Example 5.1.1 above shows that, in the cases dealt with by Proposition
. . _ . at xz  P(ab)
5.2.3(i), all pairs at,a™ of weight factors have to fulfill — = .
a- 1—ux P(ab)
The cross ratio on the right hand side, depending only on prior and new
conditional probabilities, represents exactly relevant knowledge. The left hand
side is just the quotient of ot and a~. This gives an intuitive reason for this
quotient to play a key role, as it is stated in Proposition 5.2.3(ii).

Thus in the context of c-revisions, we identified clearly the parameters

weight factors should be dependent on to give rise to a reasonable functional
+

concept: a—_ and (the probability) x incorporate all relevant knowledge for

the weight factors. Thus a reasonable functional concept for c-revisions may
be realized by setting

at=F"(z,a) and o =F (z,a), (5.11)
with two real positive functions F'™ and F~, defined on (0,1) x R* and
related b M =aq,ie

TF @)
F(z,a) = aF~ (z,0q). (5.12)

As our global function F : AP > (P,R) — P* is to work for arbitrary
P and R, the functions F* and F'~ are assumed to be independent of the
prior and new information actually present, thus representing a fundamental
inference pattern. Moreover, to yield “smooth” inferences we assume them to
be continuous on (0, 1) x RT. The functional concept, designed so far, should
also be applied to the extreme probabilities z € {0, 1}, incorporating classical
logic as a limit case by assuming

F(0,0) := lim F(z,a) =0, F¥(l,00):= lim F" (z,a) € RT, (5.13)

xz—0
a—0 a—»00

and

F~(0,0) := lim F(z,a) eRY, F~(1,00) := lim F~ (z,a) =0, (5.14)

a—0 a— o0
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in accordance with (5.2). The resulting posterior distribution P} is a c-
revision of the form

Piw)=aoPw) [ F"(@ia) [ F~ (i) (5.15)
1<i<n 1<i<n
w=A;B; wl=A; By
with non-negative extended real numbers a, ..., a, € RT U {0, 00} solving

the n equations

> Pw) 1;[ F* (25, 05) l;[ F~ (25,q5)
z; wE=A;B; w\:]A;Bj W‘ZJA;B]. ?é 0.1
, L )
) 1mm 2 Pw Il Ff(za) I F(z5,q)
? wl=A;B; J#i J#Ft__
w=A; B wi=A,B;
0, €Ty = 0
oo, x;=1

(5.16)
(see (5.1)). Note that o; € R* for z; € (0,1), because of the positivity
of both functions F* and F~ and due to the P-consistency of R. So the
positivity condition (5.2) is satisfied, and (5.16) corresponds to the ad-
justment condition (5.3) here. Thus, for any n non-negative extended real
numbers aq,...,a, € RT U {0,00}, ai,...,q, is a solution of (5.16) iff
Ft(z,00),F~ (z1,01) ..., FT (2, 0), F~ (2, ) is a solution of (5.3)
satisfying (5.2).

We summarize these remarks for the axiomatization of the second postu-
late (P2):

Postulate (P2): functional concept for c-revisions

There is a function F* : AP > (P,R) — P} € C(P,R) that assigns to
each adjustment problem (P,R) € AP a particular c-revision P;. satisfying
R = {(B1]41) [z1], .-, (Bn|Ayn) [zn]}. F* is given by two real positive and
continuous functions F* and F~ defined on (0,1) x R*, fulfilling the condi-
tions (5.13) and (5.14) and related by (5.12), in that P} = F*(P,R) =: P*pR
has the form (5.15) with ay,...,a, € RT U{0,00} solving (5.16).

Define for (fixed) F*,F™,F~ as in (P2) and for (P,R) € AP, R =
{(B1|A1) [z1], ..., (Bn|An) [zal},

WQr(P,R) :={(ai,...,a,) € RTU{0,00} | (5.17)
(a1, ..., ) solves (5.16)}

to be set of all weight quotients that belong to c-revisions
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Plag,...,an)r(w) = apP(w) H FT (2, i) H F~ (x5, ;).

1<i<n 1<i<n
wE=A; B, wl=A; By

So (oq,...,an) S WQF(P,R) iff (F+($1,Oél),F_ (xl,ozl),...,
FY (zp,an), F~ (zn,0n,)) € WF(P,R).

For any (P,R) € AP, F*(P,R) = Pla,...,a,|r is described by a parti-
cular element (a1,...,a,) € WQr(P,R). This disagreeable dependence on
a special yet unknown solution of (5.16) may be overcome by assuming that
the functions F'+ and F'~ fulfill the condition of uniqueness:

Definition 5.2.4. Let F™ and F~ be functions as described in (P2). FT
and F~ satisfy the uniqueness condition iff whenever (P,R) € AP and
(a1, an), (B1,y-..,0n) € WQr(P,R) it holds that

P[alw'wan]F:P[ﬁla"'ﬂ/gﬂ]F'

So, if F'T and F'~ satisfy the uniqueness condition then F* is determined
by (5.16), i.e. F*(P,R) = Plaa,...,an]F for any (a1,...,a,) € WQr(P,R).
The functional concept (P2), describing weight factors of c-revisions, was

initiated by the conditions of relevance, continuity and atomicity. The uni-
queness condition ensures recovering these properties from (P2):

Proposition 5.2.4. Let F* : AP 5 (P,R) — Pf € C(P,R) be as in (P2)
with associated functions FT and F~ satisfying the uniqueness condition.
Then F* fulfills the conditions of relevance, continuity and atomicity.

We will see in Section 5.5 that the condition of uniqueness will in fact
be satisfied for the special functions F'* and F'~ that will be determined by
(P2) together with (P3) and (P4) (cf. Proposition 5.5.1).

Note that the conciseness of (P2) is essentially due to making use of
c-revisions. So the efforts we invested in developing this conditional-logical
concept begin to pay, providing now an elegant functional concept.

After having put the functional dependencies in concrete terms we are
now going to study which properties the functions £+ and F~ should have
to guarantee reasonable probabilistic inferences. To simplify notation, we will
usually prefer the operational P #r R to the functional F*(P, R), where xp
is described by (P2).

5.3 Logical Coherence

Surely, the adaptation scheme (5.15) will be considered sound only if the re-
sulting posterior distribution can be used coherently as a prior distribution
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for further adaptations. In particular, if we first adjust P only to a subset
R1 € R, and then use this posterior distribution to perform another ad-
aptation to the full conditional information R, we should obtain the same
distribution as if we adjusted P to R in only one step.

We state this demand for logical coherence as Postulate (P3):
Postulate (P3): logical coherence

For any distribution P and any P-consistent sets Ri,Ro C (L] £)? mb, the
(final) posterior distribution which arises from a two-step process of adjusting
P first to R and then adjusting this intermediate posterior to R1 U Rz is
identical to the distribution resulting from directly revising P by R1 U Ra.

More formally, the operator p satisfies (P3) iff the following equation holds:
P*F (Rl URQ):(P*F Rl) *p (R1UR2). (518)

Applying the principle of logical coherence will give us a further important
result in determining the functions £ and F~:

Theorem 5.3.1. If the revision operator xp satisfies the postulate (P3) of
logical coherence then

F~(0,0) = F"(1,00) = 1, (5.19)
and F~ necessarily fulfills the functional equation
F~(z,af)=F (z,a) F~ (z,0) (5.20)
forallz € (0,1),c, 3 € RT.

Because of (5.12), FT satisfies F*(z,a8) = F*(z,a)F*(z,3) iff F~
satisfies (5.20).

Theorem 5.3.1 is proved by checking conditions (5.19) and (5.20) in the
very special case that P is a positive distribution over three variables a, b, c,
and R, Ry are given by Ry = {(cla)[z]} and Ra = {(c|b)[y]}. These condi-
tions are necessary to guarantee a logical consistent behavior of the revision
process for this example, and because we assumed the functions F, F'~ to be
independent of the actual case we thus proved the general validity of (5.19)
and (5.20). In fact, there is little arbitrariness in choosing this special ex-
ample which such a crucial meaning is assigned to. The way in which two
conditionals with common conclusion should interact is one of the main is-
sues in conditional logic and refers to the antecedent conjunction problem (cf.



5.4 Representation Invariance 87

[Nut80, Spi91]). The validity of (5.19) and (5.20) ensures a sound probabilistic
treatment of this problem.

The functional equation (5.20) restricts the type of the function F~ (and
that of F'™, too,) essentially:

Proposition 5.3.1. Let xp be a revision operator following (P2) such that
F* and F~ satisfy (5.19) and (5.20). Then there is a (continuous) real fun-
ction c(x),z € (0,1), with

;13% c(x) =0 and ;1_>ml clx) =—1 (5.21)
such that
F~ (z,0) =@ and F*(z,a) =@+ (5.22)

for any positive real o and for any x € (0,1). Especially for o = 1, this
mmplies
F (z,1)=Ft(2,1) = 1. (5.23)

In Theorem 5.3.1 we showed how the coherence property (5.18) determines
the part the quotients a; have to play in the revision process. We are now
left with the investigation of the isolated impact of the numbers z; which
represent posterior conditional probabilities.

5.4 Representation Invariance

So far, we have largely neglected how (conditional) knowledge is represen-
ted in R. Indeed, the principle of atomicity deals with logical equivalence of
propositional formulas, but what about probabilistic equivalences, i.e. equi-
valences that are due to elementary probability calculus (see Section 1.3.2)7
For instance, the sets of rules {(B|A) [z], A[y]} and {AB|xy], Aly]} are equi-
valent in this respect because each rule in one set is derivable from the rules
in the other set. We surely expect the result of the revision process to be
independent of the syntactic representation of probabilistic knowledge in R:

Postulate (P4): representation invariance

If two P-consistent sets of probabilistic conditionals R and R’ are probabili-
stically equivalent then the posterior distributions P*R and P xR’ resulting
from adapting the prior P to R and to R’, respectively, are identical.

The notion of probabilistic equivalence used here completely corresponds
to that introduced in [PV90]. Using the operational notation, we are able to
express (P4) more formally:
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The revision operator g satisfies (P4) iff
for any two P-consistent and probabilistically equivalent sets R, R’ C
(o).

The demand for independence of syntactic representation of probabilistic

knowledge (P4) gives rise to two functional equations for ¢(z) (cf. Proposition
5.3.1):

Proposition 5.4.1. Let the functions F~ and F' describing the revision
operator xp in (P2) satisfy (5.22) with a continuous function c(x) fulfilling
(5.21). If xp satisfies postulate (P4) resp. (5.24) then for all real x, 21,29 €
(0,1) the following equations hold:

c(r)+c(l—2z) = -1 (5.25)
clzxy + (1 —2)z2) = —c(x)e(xr) — (1 —x)c(z2) (5.26)
The most obvious probabilistic equivalence is that of each two rules

(B|A) [z] and (B|A)[1 — z]. This implies (5.25). Equation (5.26) is again
proved by investigating a special but crucial revision problem. The relation

P(bla) = P(blac)P(c|a) + P(blac)P(c|a)

for arbitrarily chosen propositional variables a, b, ¢ is fundamental to proba-
bilistic conditionals, yielding the probabilistic equivalence of the two sets

R = A(cla)[z], (blac)lz1], (blac)[z2]},
and R' = {(bla)ly], (blac)[z1], (blac)[z2]}
with y = za1 + (1 — x)xzo for real z,x1, 22 € (0,1). The validity of (5.24) in
this case necessarily implies (5.26) (see Appendix).

As a consequence of (5.25) and (5.26), we finally obtain:

Theorem 5.4.1. If the operator xp in (P2) is to meet the demands for logi-
cal coherence (P3) and for representation invariance (P4), then F* and F~
necessarily have the forms

Ft(r,a)=a'"" and F~ (z,0)=a %, (5.27)
respectively.

The continuity of the functions F* and F~ is essential to establish this
theorem (see Appendix). This means in particular the continuous integrating
of the extreme probabilities 0 and 1, that is, the seamless encompassing of
classical logic.
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5.5 Uniqueness and the Main Theorem

So far we have proved how the demands for logical coherence and for repre-
sentation invariance constrain the functions which we assumed to underly the
adjusting of P to R, as described by the functional concept (P2). Applying
(5.27) to (5.15) and (5.16) we recognize that the posterior distribution neces-
sarily is of the same type (5.5) as the ME-distribution if it is to yield sound
and coherent inferences.

Therefore, we nearly have reached our goal. But one step is still missing:
Is this enough to characterize ME-inference within a conditional-logical fra-
mework? Are there possibly several different solutions of type (5.5), only one
of which is the ME-distribution? And moreover, if we assume the functions
F* and F~ to fulfill (5.27), is this sufficient to guarantee that the resulting
operator xp satisfies logical coherence and representation invariance?

The question of uniqueness of the posterior distribution is at the center of
all these problems. If it can be answered positively, we will have finished: The
unique posterior distribution of type (5.5) must be the ME-distribution, *g
then corresponds to ME-inference, and ME-inference is known to fulfill (5.18)
and (5.24) as well as many other reasonable properties, cf. [PV90, SJ80, SJ81].
Moreover, together with (P2) uniqueness implies the conditions of relevance,
atomicity and continuity (cf. Proposition 5.2.4).

The uniqueness of the solution (a1, ..., a,) of the fixpoint equation (5.6)
is not clear at all. Imagine the case that the set R representing new condi-
tional knowledge contains twice the same rule in different notations. All that
can be expected at best is a uniqueness statement for the product o;c; of
the corresponding factors. Even if we exclude such pathological cases, (5.6)
is not easy to deal with at all.

But remember that we are primarily interested in the uniqueness of the
posterior distribution, not in that of the solutions to (5.6). And indeed, this
uniqueness is affirmed by the next theorem. In its proof, we will make use of
cross-entropy as an excellently fitting measure of distance for distributions of

type (5.5).

Proposition 5.5.1. There is at most one solution of the adaptation problem
(xprob) (see page 74) of type (5.5), i.e. the functional concept defined by (5.27)
satisfies the uniqueness condition.

The following theorem summarizes our results in characterizing ME-
adjustment within a conditional-logical framework:

Theorem 5.5.1 (Main Theorem). Let %35 denote the ME-revision ope-
rator, that is, g assigns to a prior distribution P and some P-consistent
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set R = {(B1]A1) [z1], - - -, (BnlAn) [Tn]} of probabilistic conditionals the one
distribution Pyp = P sy R which has minimal cross-entropy with respect
to P among all distributions that satisfy R.

Then * g yields the only adaptation of P to R that obeys the principle of
conditional preservation (P1), realizes a functional concept (P2) and satisfies
the postulates for logical coherence (P3) and for representation invariance
(P4). *ymE is completely described by (5.5) and (5.6).

In this way, starting from a conditional-logical point of view we found a
new characterization of the ME-solution to the problem

Given a distribution P and a P-consistent set of probabilistic condi-
tionals R, which way is the best for revising P by R?

The thorough embedding of the problem within the conditional-logical fra-
mework presented here conveys a clear understanding what actually makes
the ME-distribution to be the best choice — ME-inference and probabilistic
conditionals fit perfectly well.

In concluding this chapter, let us summarize the steps we have taken to
obtain our conditional-logic characterization of ME-inference: The principle
of conditional preservation was used to determine the structure of the po-
sterior distribution. Then we assumed that a (continuous) functional concept
extending classical logic should underly the adjustment process, and we iso-
lated the crucial parameters which this concept should depend on. It was
represented by means of two functions F'™ and F~ accomplishing the discri-
mination between these elementary events satisfying the antecedent of a rule
that also satisfy its conclusion and those events that do not. So they consti-
tute the decisive components for the extent of distortion the prior distribution
is to be exposed to under adjustment.

Only two further preconditions were necessary to arrive at the desired
characterization: logical coherence and independence of syntactical represen-
tation. While the latter postulate is usually considered to be fundamental to
any reasonable inference procedure, the former one introduces a new aspect
to reasoning, comparing inferences based on different theories, or epistemic
states, respectively. This will be pursued in a more general framework later
on, see Section 7.1.

Note that no exceptional demands had to be made, and the ME-solution
arose in a rather natural way. Moreover, the proof of Proposition 5.5.1, which
states the uniqueness of the solution, illustrates how perfectly well the ap-
proach presented here realizes ME-inference in an understandable manner,
without imposing any external and abstract minimality demand. Actually,
the proper idea of minimality is being made explicit by the four postulates.
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Now that the ME-principles have been motivated and characterized in detail
it is time to ask how reasoning at optimum entropy actually works. We will
throw light on this question from two different sides.

The first part of this chapter (cf. also [KI98b]) investigates how infering
at optimum entropy fits the formal framework for nonmonotonic reasoning
of [Mak94]. In particular, we show that any inference operation based on
ME-reasoning is cumulative and satisfies loop. Moreover, it turns out to be
supraclassical with respect to standard probabilistic consequence which ob-
viously generalizes classical consequence within a probabilistic setting (cf.
Section 6.1). We also focus on the relationships between nonmonotonic and
conditional ME-reasoning. Once more, it becomes obvious that material im-
plication and conditionals differ substantially. To make the differences clear,
we extend the conditional probabilistic language we are working in so as to
contain probabilistic formulas corresponding to material implication, too. We
show that conditionalization in its usual sense relates to material implication,
whereas the connections between nonmonotonic reasoning and conditionals
are more complex.

Though the ME-methods genuinely manipulate knowledge of a numerical
nature, ME-reasoning is not easily understood by observing the probabilities
in change. ME-logic is not truth-functional, as fuzzy logic is, nor is its aim
to raise or to lower probabilities, as in the framework of upper and lower
probabilities, and there is no straightforward calculation algorithm, as for
Bayesian networks. ME-infering rather makes use of the intensional struc-
tures of probabilistic knowledge (cf. [Par94, SJ80, KI98a]), so it seems to
be better classified and appreciated by describing its formal properties as a
nonmonotonic inference operation.

Nevertheless, some examples and practical inference schemes in simple but
typical cases are important to illustrate ME-inference beyond formal results;
they will be presented in the second part of this chapter (see also [KI97b]).
The representation of the ME-distribution central to the argumentation in
Chapter 5 (see equations (5.5), (5.6) and (5.7), page 76) then turns out to
be not only of theoretical but also of practical use, allowing us to calculate

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pjj- 9[1~101, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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ME-probability values explicitly. For instance, we will show how knowledge
is propagated transitively, and we will deal with cautious cut and cautious
monotonicity. These inference schemes, however, are global, not local, i.e. all
knowledge available has to be taken into account in their premises to give
correct results. But they provide useful insights into the practice of ME-
reasoning.

6.1 Probabilistic Consequence and Probabilistic
Inference

The inference operation Cn of classical logic satisfies the following characte-
ristic conditions:

(i) inclusion or reflexivity: X C Cn(X);

(ii) idempotence: Cn(X) = Cn(Cn(X));
(iii) cut: X CY C On(X) implies Cn(Y') C C (X);
(iv) monotonicity: X CY implies Cn(X) C Cn(Y),

where X, Y C L.

So Cn is a consequence operation, in the sense of Tarski. Its rigidity, ho-
wever, appreciated in mathematics and establishing its fundamental meaning
for logical deduction, makes it a poor candidate to represent commonsense
reasoning — in particular, monotonicity prohibits defeasible conclusions (cf.
[DP96]). Nevertheless, many nonstandard logics have elements of classical
logic built in in one way or another, and Makinson [Mak94] and Kraus, Leh-
mann, Magidor [KLM90] make use of it as a reference point to formulate
their principles for nonmonotonic reasoning.

Within a probabilistic framework, the classical consequence operation has
to be modified appropriately to provide a suitable tool for the description of
formal inferences.

Semantically, Cn may be described by Cn(X) = {4 € L | X |= A}, where

= demands taking account of every model of X. So we define the standard

probabilistic consequence operation Chprop : QLIL)™! _y o(£] L)

of

by virtue

Chipron(R) = {¢ € (L | L)' | P |= ¢ for all P € Mod(R)},

with associated standard probabilistic consequence relation =P C (LI

(e
R EP™Y ¢ iff ¢ € Cnprop(R).

If R C (L] L) is inconsistent, then Mod(R) = 0, hence Cnyop(R) =
(L | £)P™" for inconsistent R. Paris and Vencovska [PV98, Par94] present
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a sequent calculus for =P, Because standard probabilistic consequence is
based on considering all models it is a consequence relation in the sense of
Tarski.

Proposition 6.1.1. Cnyqop satisfies inclusion, idempotence, cut and mono-
tonicity.

Thus Cnprop takes the part of a classical logic within probabilistic logics. In
general, however, probabilistic models are ill-famed for their extreme flexi-
bility, so an inference operation based on all possible models is much too
conservative and will yield little more but quite trivial results. In analogy to
[Mak94], we define probabilistic inference operations and probabilistic infe-
rence relations, respectively, to study nonclassical inferences:

Definition 6.1.1. A probabilistic inference operation is an operation

C : 2(L|£)Pmb s 2(L|£)pmb

on sets of probabilistic conditionals. Its associated probabilistic inference re-
lation s given by b C 2(LIL)™" o (L] L™ Rio¢ iff p € C(R). C is
called complete iff it specifies for each set R C (L | £)"™" with C(R) # 0
and C(R) # (L | £)"", a unique distribution, i.e. iff there is a (unique)
distribution Qr such that C(R) = Th(Qr)-

For fixed prior P define the ME-inference operation CM¥ : (LI _y
2(LIL)" 1y

Th(P xygp R) iff R is P — consistent
ME _
CP (R) - { (E | E)prob else (61)

where x5 is the ME-revision operator (cf. Section 2.5 and Chapter 5, in par-
ticular Theorem 5.5.1). Obviously, C }\,/IE is a complete probabilistic inference
operation. The corresponding ME-inference relation is denoted by ~HE .

6.2 Basic Properties of the ME-Inference Operation

In this section, we list some properties of ME-inference which are particularly
important in the framework of nonmonotonic reasoning and belief revision
(see Section 2.1, page 13). Most of these properties are already well-known
(cf. [PV90, SJ81]) or easily proved, respectively (see Appendix).

One property that has proved to be crucial for characterizing ME-
inference is that of logical coherence (cf. Section 5.3):

for any sets R,S C (£ | £)”™" of probabilistic conditionals.
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Furthermore, the uniqueness of the solution of type (5.5) yields an easy
corollary which meets fundamental demands for “good revisions”:

Proposition 6.2.1. Pxygr R = P if and only if P = R.

The next proposition shows that ME-inference satisfies important postulates
for nonmonotonic inference operations:

Proposition 6.2.2. The ME-inference operation CM¥ satisfies

1. inclusion: R C CME(R).
2. idempotence: CME(CME(R)) = CHME(R).
3. cumulativity: R C S C CME(R) implies CMP(R) = CHE(S).

As can be seen at once, cumulativity is equivalent to

which is stated as Principle 5 in [PV90].

In the works of Makinson [Mak94] and Kraus, Lehmann and Magidor
[KLM90], cumulativity takes a central position as a very fundamental pro-
perty of inference processes: cumulativity ensures the inference process to be
stable, in that adding of derivable knowledge does not alter the set of nonmo-
notonic conclusions. As stated above (following [Mak94]), cumulativity is a
pure condition, without any reference to logical connectives in the underlying
language and thus being applicable to probabilistic logics in a straightforward
way. Besides the numerous postulates for nonmonotonic inference relations in
[Mak94] and [KLM90] that are based on classical structures, there is another
interesting pure condition called loop (see (2.2) in Section 2.1, page 13):

Proposition 6.2.3. C¥¥ satisfies the loop-property:
IfRy,..., R C (L | L) with

Riz1 CCME(R;) for 1<i<m—1 and R, CCMF(R,),
then CME(R;) = CMP(R;) for all i,j =1,...,m.

ME-inference %P is not transitive, but loop guarantees unambiguity for a
sequence Ry MME Ry fWME [ KMER,  WME R, of nonmonotonic derivati-
ons.

In the rest of this section, we will investigate interrelationships between
ME-inference and standard probabilistic consequence.
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Proposition 6.2.4. CM¥ is supraclassical, that is, Cnyrop(R) € CME(R)
Jor all R C (L] L)"".

The proof of this proposition is straightforward because P *p;g R either is a
model of R, or CMP(R) = (L | L£)rrv.

Supraclassicality implies further important properties: Because CMZ is
cumulative and supraclassical, it also satisfies full absorption:

Crprop CHE = CHE = CHF Cnyrop
So in particular (cf. [Mak94]), CM¥E fulfills right weakening:
R C CHE(S) implies Cnprop(R) € CHE(S)

and left logical equivalence:

if Chiprob(R) = Cnprop(S) then CME(R) = CME(S)

Therefore ME-inference respects standard deductional structures. But ME-
inference fails distribution:

O}\’/[E (R)N OIJ\D/IE(S) < CJIXIE(Cinob(R) N Cnprob (S))-

This can easily be seen as follows: Consider the case P = Py(a, b, c), where
Py(a,b,c) is the uniform distribution over three propositional variables a,b
and c. Let R = {(bla)[z1], (c|a)[z2]} and S = {(bla)[z2], (c|a)[z1]} with x1 #
z2. Then (bela)[z122] € CME(R) N CME(S) (cf. Proposition 6.4.5 in Section
6.4), but (bela)[z172] & CME(Cnprop(R) N Criprop (S)).

6.3 ME-Logic and Conditionals

In Chapter 5, it is shown that ME-reasoning may be characterized as a so-
und and consistent method for handling probabilistic conditionals. Thus the
notion of conditionals may be considered fundamental to ME-logic, and the
property of conditionalization

If {A;} U {B} b C then {4;} b B — C, (6.3)

as stated in standard, non-probabilistic terms in [Mak94], is of special inte-
rest. Here — is meant to represent material implication which has no straight-
forward counterpart in probabilistic logics. Namely, if ¢, are probabilistic
formulas (facts or conditionals), then ¢ — ¢ cannot be taken as, for instance,
—¢ V 1) because neither negation nor disjunction are defined in (£ | £)"™".
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— is also clearly different from the operator (-|-) used for probabilistic con-
ditionals, not only for syntactical differences. The satisfaction relation =
between a distribution P and a conditional (B|A) [z] actually involves an
adjustment process, namely shifting P to P4 = P(-|A), whereas material
implication should be satisfied within P.

In the sequel, we will investigate conditionalization with respect to a sui-
tably generalized material implication A — B[z] in probabilistics as well as
with respect to the proper probabilistic conditionals of the form (B|A) [z].

So for the moment, let us extend our language (£ | £)*™" so as to also
contain all formulas of the type A — Blz]:

(| E)Prob,ﬂ = (L] ﬁ)PTob U{A— Blz]| A,B € L,z €[0,1]}.
We modify CM¥ slightly to take its values in (L)

CME ;£ _, p(eley™™=,

In correspondence to classical material implication, and in compatibility with
the use of the conditional operator (-|-), we define the semantics of A — Blz]
in a probabilistic setting as

PEA— B[z] iff PE A[l]implies P = B[z]

for a probabilistic distribution P. Note that P = A — B[z] is not equivalent
to P |= (mAVB)|z],i.e. to P(wAVB) = x. Rather we have =P A — Blx] iff
Mod(A[l]) € Mod(B]z]). So our probabilistic interpretation of — generalizes
what Adams called strict consequence in [Ada66, p. 274]. In particular, =P"°?
A — Bl[z] implies P |= (B|A)[z] for all distributions P with P(A) # 0.

Using this notion of (probabilistic) material implication, ME-inference
satisfies conditionalization in the sense of (6.3):

Proposition 6.3.1. Let P be a distribution. Whenever Blz] € C¥F(R U
{A[1]}) then A — B[z] € CME(R).

But note that Proposition 6.3.1 is false for probabilistic conditionals: in gene-
ral, B[z] € CME(R U{A[1]}) does not imply (B|A) [z] € CME(R). Instead,
we have the following connections between ME-inference and conditional im-
plication:

Proposition 6.3.2. Let P be a distribution.
For any R C (L | £)P°°,(B|A) [x] € (L] L) we have

1. (Pxup {A[1]}) = Pa = P(-|A).
2. Pxyp (RU{A[1]}) = Pasue R, i.e. CHEF(RU{A[1]}) = CHE(R).
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3. (P*mE R) *me {A[1]} = Blz] implies P xyr R = (B|A) [2].

Proposition 6.3.2 shows that Py (RU{A[1]}) and (P *pe R) *me {A[1]}
differ in general, and that only the latter of these distributions reveals a
behavior that is compatible to conditional implication.

Proposition 6.3.2(2) links up two inference operations based on different
probability distributions in a special case. Such relationships are of crucial
meaning for studying iterated belief revision and for investigating belief revi-
sion and nonmonotonic reasoning in a more general framework (cf. Chapters
2 and 7).

6.4 ME-Deduction Rules

We will now leave the abstract level of argumentation and turn to concrete
inference patterns. Once more, it must be emphasized, however, that ME-
infering is a global, not a local method: Only if all knowledge available is
taken into account, the results of ME-inference are reliable to yield best
expectation values. Thus it is not possible to use only partial information
for reasoning, and then continue the process of adjusting from the obtained
intermediate distribution with the information still left. It is important that
in the two-step adjustment process (P * Rq) x (R1 UR2) dealt with in the
coherence postulate (P3) (see Section 5.3) the second adaptation step uses
full information R;URs. In fact, the distributions (P *yr R1)*me (R1 U Ra)
and (P #pyg R1) *mE R differ in general.

For this reason, the deduction rules to be presented in the sequel do not
provide a convenient (and complete) calculus for ME-reasoning. But they ef-
fectively illustrate the reasonableness of that technique by calculating expli-
citly infered probabilities of rules in terms of given (or learned, respectively)
probabilities. In contrast to this, the inference patterns for deriving lower
and upper bounds for probabilities presented in [DPT90] and [TGK92] are
local, but they are afflicted with all problems typical to methods for infering
intervals, not single values (cf. Chapter 5).

It must be pointed out that in principle, ME-reasoning is feasible for many
consistent probabilistic representation and adaptation problems by iterative
propagation. This is realized, for instance, by the probabilistic expert sy-
stem shells SPIRIT [RM96] and PIT [SF97] far beyond the scope of the few
inference patterns given below (also see Example 6.4.3; cf. Chapter 9).

We will use the following notation:
R : (Bi|Ay) [#4],. . ., (BalAy) [#4]
(BIIAD) [#1], - - (Bh] A7) [27,]

m




98 6. Reasoning at Optimum Entropy

iff R = {(B1]A1) [21], .., (Bu|An) [wn]} and Py +ap R = {(B|AD) [21],. ..,

(BX,|AE) [2%,]}, where Py is a uniform distribution of suitable size.

6.4.1 Chaining Rules

Proposition 6.4.1 (Transitive Chaining). Suppose a,b,c to be proposi-
tional variables, x1, x4 € [0,1]. Then

R : (bla)[a], (c|b)[zs]

6.4
(cl0)5 2oz + 1~ 1) o

Ezample 6.4.1. Suppose the propositional variables a, b, ¢ are given the mea-
nings a=Being young, b=Being single, and c=Having children, respectively.
We know (or assume) that young people are usually singles (with probability
0.9) and that mostly, singles do not have children (with probability 0.85),
so that R = (b|a)[0.9], (¢|b)[0.85]. Using (6.4) with 21 = 0.9 and x5 = 0.85,
ME-reasoning yields (¢|a)[0.815] (the negation of ¢ makes no difference). The-
refore from the knowledge stated by R we may conclude that the probability
of an individual not having children if (s)he is young is best estimated by
0.815.

In many cases, however, rules must not be simply connected transitively
as in Proposition 6.4.1 because definite exceptions are present. Let us consider
the famous ” Tweety the penguin”-example.

Ezample 6.4.2. Most birds fly, i.e. (fly|bird)[z1] with a probability z; bet-
ween 0.5 and 1, penguins are definitely birds, (bird|penguin)[1], but no one
has ever seen a flying penguin, so (fly|penguin)[zs] with a probability xo
very close to 0. What may be inferred about Tweety who is known to be a
bird and a penguin?

The crucial point in this example is that two pieces of evidence apply to
Tweety, one being more specific than the other. The next proposition shows
that ME-reasoning is able to cope with categorical specificity.

Proposition 6.4.2 (Categorical Specificity). Suppose a,b, ¢ to be propo-
sitional variables, x1,x9 € [0,1]. Then

R : (bla)[x1], (blc)[x2], (ale)[1]
(blac) 2]

(6.5)

Actually, (6.5) is a general probabilistic deduction scheme, not only due
to ME-reasoning: Specific information dominates more general information,
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if the specificity relation (a|c)[1] is categorical. This is an easy probabilistic
calculation. Proposition 6.4.2, however, is proved here by using the a-factors
of the corresponding ME-distribution to illustrate the interdependencies bet-
ween the three conditionals. If the probability of the specificity conditional
(alc) lies somewhere in between 0 and 1, the equational system determining
the «;’s becomes more complicated. But it can be solved by iteration, e.g.
by the aid of SPIRIT (cf. [RM96]), if the conditional probabilities involved
are numerically specified (cf. Example 6.4.3 below). Within a qualitative pro-
babilistic context, Adam’s e-semantics [Ada75] presents a method to handle
exceptions and to take account of subclass specificity. Goldszmidt, Morris
and Pearl [GMP90] showed how reasoning based on infinitesimal probabili-
ties may be improved by using ME-principles.

Example 6.4.3. A knowledge base is to be built up representing “Typically,
students are adults”, “Usually, adults are employed” and “Mostly, students
are not employed” with probabilistic degrees of uncertainty 0.99(< 1), 0.8
and 0.9, respectively. Let a, s, e denote the propositional variables a = Being
an Adult, s = Being a Student, and e = Being Employed. The quantified con-
ditional information may be written as R = {(a|s)[0.99], (e|a)[0.8], (¢]s)[0.9]}.
From this, SPIRIT (cf. [RM96]) calculates P*(e|as) = 0.8991 ~ 0.9. So the
more specific information s dominates a clearly, but not completely.

Thus ME-inference solves in an elegant way the problem of conflicting
evidence. Specific information dominates more general knowledge by virtue
of the inherent mechanisms, without any external preferential or hierarchical
structures as in [KLM90, Bre89], and without rankings as in [Gef92, GP92].
The weight of a rule is encoded by its conditional-logical structure and its
probability, its interactions with other rules being given implicitly. It is only
the application of the ME-principle which combines the probabilistic rules to
yield inferences, thus allowing a convenient modularity of knowledge repre-
sentation.

6.4.2 Cautious Monotonicity and Cautious Cut

Obviously, ME-inference acts nonmonotonically: conjoining the antecedent
of a conditional with a further literal may alter the probability of the condi-
tional dramatically (cf. Example 6.4.3). But a weak form of monotonicity is
reasonable and can indeed be proved:

Proposition 6.4.3 (Cautious Monotonicity). Suppose a,b,c to be pro-
positional variables, 1,25 € [0,1]. Then

R : (bla)[z1], (cla)[xs]
(clab)[2]

(6.6)
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(6.6) illustrates how ME-propagation respects conditional independence
(cf. [SI81]): P*(clab) = P*(cla) = x4 if (b|a)[x1], (c|a)[z2] is the only available
knowledge.

The cautious monotonicity inference rule deals with adding information
to the antecedent. Another important case arises if literals in the antecedent
have to be deleted. Of course we cannot expect the classical cut rule to hold.
But, as in the case of monotonicity, a cautious cut rule may be proved:

Proposition 6.4.4 (Cautious Cut). Suppose a, b, ¢ to be propositional va-
riables, x1,x2 € [0,1]. Then

R : (clab)[z1], (bla)[zs]

6.7
(C\a)[%@mlxg 11— )] (6.7)

(6.7) is cautious in that the probability of (c|a) is a (simple) function of the
probabilities assigned to (c|ab) and (b|a). By observing the equivalence (bla) =
(abla), (6.7) may be taken as an immediate consequence of the transitive
chaining rule (6.4).

6.4.3 Conjoining Literals in Antecedent and Consequent

The following deduction schemes deal with various cases of infering proba-
bilistic conditionals with literals in antecedents and consequents being con-
joined. Three of them — Conjunction Left, Conjunction Right, (ii) and (iii)
— are treated in [TGK92] under similar names, thus allowing a direct com-
parison of ME-inference to probabilistic local bounds propagation. Cautious
monotonicity (6.6) may be found in that paper, too, where it is denoted as
Weak Conjunction Left. We will omit the straightforward proofs.

Proposition 6.4.5 (Conjunction Right). Suppose a,b, c to be propositio-
nal variables, x1, x4 € [0,1]. Then the following ME-inference rules hold:

R : (ba)[za], (c|a)[zs]

(1)

(bela)[z122]
R : (bla)[z1], (c|ab)[zs]

(ii)

(bela)[z122]

R : (bla)[z1], (c|b)[x]

(iii)

(bela)[z122]

Proposition 6.4.6 (Conjunction Left). Suppose a,b, c to be propositional
variables, x1, x4 € [0,1]. Then
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R : (bla)[z1], (bela)[zs]
]

(clab)[ 22

1

6.4.4 Reasoning by Cases

The last inference scheme presented in this section will show how probabilistic
information obtained by considering exclusive cases is being processed at
maximum entropy:

Proposition 6.4.7 (Reasoning by cases). Suppose a,b,c to be proposi-
tional variables, x1, x4 € [0,1]. Then

R : (clab)[1], (c|ab)[x2]

27 (1 — a2

1 1 1

Ol + TG

(1 ) (1 a)

-1 2
o S Sl P A 1422 e/
pe oy e B U ey ey

(cla)[z1(1 +

To date, no deduction scheme is known for the interesting antecedent

congunction problem
R : (cla)[z1], (¢|b)[z2]

(clab)[?7]
(cf. [Nut80, Spi9l]). Such a scheme would reveal clearly how ME-inference
combines evidences. Note that the consistent handling of the antecedent con-

juntion problem plays a crucial role for characterizing ME-inference (see
Theorem 5.3.1, page 86, and the remarks following it).




7. Belief Revision and Nonmonotonic
Reasoning — Revisited

Nonmonotonic reasoning and belief revision are closely related in that they
both deal with reasoning under uncertainty and try to reveal sensible lines of
reasoning in response to incoming information (cf. Chapter 2, in particular,
Section 2.3). As we already pointed out, the crucial difference between both
areas is the role of the knowledge base which is only implicit in nonmonotonic
reasoning, but explicit and in fact in the focus of interest in belief revision.
So the correspondences between axioms of belief change and properties of
nonmonotonic inference operations are usually elaborated only in the case
that revisions are based on a fixed theory (cf. [MG91]), and very little work
has been done to incorporate iterated belief revision in that framework.

Within the context of ME-inference, iterated adjustments arise quite na-
turally and are dealt with in a satisfactory manner (cf. Equation (6.2) and
Proposition 6.3.2). The crucial point here is that the ME-operator *pp ac-
tually is a full revision operator taking two entries, namely a distribution
P on its left and a (compatible and consistent) set of conditionals on its
right. Nonmonotonic reasoning and belief revision usually focus on handling
its right entry, while considering its left entry — i.e. the theory inferences are
based on — to be given.

In this chapter, we will exploit the relationships between nonmonotonic
reasoning and belief revision further by considering epistemic states and sets
of conditionals instead of theories and propositional beliefs. We will provide a
more general framework that not only allows a more accurate representation
of belief revision via nonmonotonic formalisms, but also gives, vice versa,
an important impetus to handle iterated revisions. So we will generalize the
notion of an inference operation and introduce universal inference operations
as a suitable counterpart to (full) revision operators in nonmonotonic logics.

In particular, we will show that the property of logical coherence which
was identified as one of the axioms for characterizing ME-inference (cf. Sec-
tion 5.3) may be considered as a strong version of cumulativity for universal
inference operations.

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pp[T0g3-117, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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Leaving the classical framework also allows a more accurate view on itera-
ted revision by differentiating between simultaneous and successive revision.
The former will be seen to handle genuine revisions appropriately, while the
latter may also model updating. This distinction is based on clearly separating
background or generic knowledge from evidential or contextual knowledge, a
feature that is listed in [DP96] as one of three basic requirements a plausi-
ble exception-tolerant inference system has to meet. Moreover, we will show
that in a probabilistic framework, it is also possible to treat revision as dif-
ferent from focusing without giving up the assumption of having a single,
distinguished probability distribution as base for inferences.

Parts of the results presented in this chapter were already published in
[KIO1] and [KI98b].

7.1 Universal Inference Operations

In Section 6.1, we called a probabilistic inference operation C' complete if it
specifies for each set R C (£ | £)7" with C(R) # 0,C(R) # (L | £)"™,
a unique distribution Q% such that C(R) = Th(Qr) (cf. Definition 6.1.1,
page 93). That is to say that to each set of probabilistic conditionals yiel-
ding non-trivial inferences a suitable model is associated by which the cor-
responding inferences can be described. Hence we assumed the probabilistic
inference operation C' to be model-based (cf. [Her91, Thi89]).

This definition also makes sense in a more general framework dealing
with epistemic states if we choose a suitable language (£ |£)". For in-
stance, for probability distributions and ordinal conditional functions, we take
(L] L) = (L] L) and (£ | £)°°F, respectively, and in a purely qualita-
tive setting, we assume (£ | £)* = (£ | £). In any case, £ is a propositional
language over an alphabet V. Let £* = £}, denote the set of epistemic states
using (£ | £)* for representation of (conditional) beliefs (see Section 3.1). For
an epistemic state ¥ € £*, we have

Th*(W) ={p € (L|L)" |V [ ¢}

which is assumed to describe ¥ uniquely, up to representation equivalence (cf.
the uniqueness assumption (3.4), p. 31). So epistemic states are considered
as models of sets of conditionals R C (£ | £)":

Mod*(R) = {¥ € £ | ¥ = R}

This allows us to extend semantical entailment to sets of conditionals by
setting
Ri E* Ry it Mod*(R1) C Mod*(Ra2),
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and to define a (monotonic) consequence operation Cn* : 2(£16)" — 2(£1£)"
by

Cn"(R)={¢€(L|L)" |RE" ¢},
in analogy to classical consequence. Two sets of conditionals Ri, Ry C
(L | £)* are called (epistemically) equivalent iff Mod*(R1) = Mod*(R2).

In the sequel, we will consider (conditional) inference operations
C : 2£18)" 5 o(£1£) (7.1)

associating with each set of conditionals a set of infered conditionals. This
generalizes the notion of inference operations given in Section 2.1 since pro-
positional facts may be considered as degenerated conditionals.

Definition 7.1.1. A conditional inference operation C' is called complete iff
it specifies for each set R C (L | L)" with C(R) # 0,C(R) # (L] L)", a
complete epistemic state Ur, i.e. iff there is an epistemic state U such that
C(R) = Th*(¥R).

Definition 7.1.2. A universal inference operation C assigns a complete con-
ditional inference operation

Cy : 2L16)" 5 o(£1£)"
to each epistemic state ¥ € £*:

C is said to be reflexive (idempotent, cumulative) iff all its involved inference
operations have the corresponding property.

If C: ¥ +— (Cy is a universal inference operation, Cyy is complete for each
¥ € £*. That means, for each set R C (£ | £)*, Cy(R) is either @ or (£ | £)",
or it specifies completely an epistemic state Py r:

Cy(R) = Th* (Pwr) (7.2)
Define the set of all such epistemic states by

E(Cy) ={B €& |IRC(L| L) : Cu(R) = Th* (&)}

Definition 7.1.3. A universal inference operation C preserves consistency
iff for each epistemic state W € £* and for each consistent set R C (L | £)",
Cy(R) # 0 and Cy(R) # (L | L)". In a quantitative setting, when ¥ is
represented by a conditional valuation function V', we further presuppose R
to be V -consistent.
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Here consistency of a set R C (£ | £)* means that there is an epistemic
state representing R. When the (prior) epistemic state is represented by a
conditional valuation function V', R is said to be V-consistent iff there is a
conditional valuation function V’ which is V-consistent and represents R (see
Definitions 4.5.1 and 5.1.1).

Definition 7.1.4. A universal inference operation C is founded iff for each
epistemic state W and for any R C (L|L)", ¥ E R implies Cy(R) =
Th*(¥).

The property of foundedness establishes a close and intuitive relationship
between an epistemic state ¥ and its associated inference operation Cy, di-
stinguishing ¥ as its stable starting point. In particular, if C is founded then
Cy (@) = Th*(¥) (this property is called faithfulness in [KI01]).

As to the universal inference operation C, foundedness ensures injectivity,
as can easily be proved:

Proposition 7.1.1. If C is founded, then it is injective.

In standard (i.e. one-dimensional) nonmonotonic reasoning, as it was de-
veloped in [Mak94] and [KLM90], cumulativity occupies a central and fun-
damental position, claiming the inferences of a set S that “lies in between”
another set R and its nonmonotonic consequences C'(R) to coincide with
C(R) (cf. equation (2.1), p. 12).

To establish a similar well-behavedness of C with respect to epistemic
states, we introduce suitable relations to compare epistemic states with one
another.

Definition 7.1.5. Let C : ¥ — Cy be a universal inference operation. For
each epistemic state ¥, define a relation Cy on E*(Cy) by setting

D1 Cu Py
iff there are sets Ry C Ra C (L | L) such that

Th*(ipl) = Cg/(Rl) and Th* (@2) = Cg/(Rg)

For founded universal inference operations, we have in particular Cy () =
Th* (W) for all ¥ € £*, so ¥ is a minimal element of £*(Cy) with respect to
Cw:

Proposition 7.1.2. If C is founded, then for all W € £* and for all ¢ €
E*(Cy), it holds that ¥ Cy &.
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We will now generalize the notion of cumulativity for universal inference
relations:

Definition 7.1.6. A universal inference operation C is called strongly cu-
mulative iff for each ¥ € E* and for any epistemic states P1,P2 € E*(Cy),
VU Cy &y Ty Do implies: whenever Ry C Ry C (L | £)* such that Th*(®1) =
Oxp(Rl) and Th*(q)g) = Cw(Rg), then Th*(q)g) = Cw(Rg) = ngl (Rg)

Strong cumulativity describes a relationship between inference operations
based on different epistemic states, thus linking up the inference operations
of C. In the definition above, @, is an epistemic state intermediate between ¥
and @5, with respect to the relation Cy, and strong cumulativity claims that
the inferences based on &; coincide with the inferences based on ¥ within
the scope of &5.

The next proposition is immediate:

Proposition 7.1.3. Let C be a universal inference operation which is stron-
gly cumulative. Suppose ¥ € £*, ¢ € £*(Cy) such that Th*(P) = Cw(R),
RC(L|L). Then

Cu(8) = Cs(S)

for any S C (L | L) with R C S.

The following theorem justifies the name “strong cumulativity”: It states
that strong cumulativity actually generalizes cumulativity for an important
class of universal inference operations:

Theorem 7.1.1. If C is founded, then strong cumulativity implies cumula-
tivity.
Universal inference operations C : ¥ — Cy are a proper counterpart of
revision operators * in nonmonotonic reasoning by virtue of setting
UsxR=>Ppr
(cf. (7.2) above) for ¥ € £*, R C (L | £)", that is
Cy(R)=Th(W*R) (7.3)
Using this notation and the uniqueness assumption (3.4), foundedness means
UxR=V if VER

(cf. the stability postulate (CR2) in Section 4.1). Strong cumulativity is equi-
valent to
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Ux(RUS)=(T«R)*x(RUS), (7.4)

that is, to what was called logical coherence in the framework of probabilistic
inference (see equation (5.18) in Section 5.3). Equation (6.2) and Proposition
6.2.1 in Section 6.2 show that ME-inference defines a founded and strongly
cumulative universal operation CME : P s CMP. Both properties, foun-
dedness and strong cumulativity, may serve to control iterated revisions.

It is worth noticing that strong cumulativity, introduced here as a ge-
neralization of cumulativity for binary probabilistic revision operators and
satisfied by ME-inference, may be considered as a set-theoretical version of
postulate (C1) of the DP-postulates (cf. p. 22) for iterated belief change (cf.
[DP97al).

7.2 Simultaneous and Successive Revision

Investigating revision in the generalized framework of epistemic states and
(quantified) conditionals allows a deeper insight into the mechanisms un-
derlying the revision process. As a crucial difference to propositional belief
revision, it is possible to distinguish between revising simultaneously and
successively: In general, we have

Ux(RUS)# (T*xR)*S (7.5)

(this is well-known for ME-inference); instead, we may only postulate strong
cumulativity or logical coherence, respectively,

Ux(RUS)=T*R)*x(RUS),

which is essentially weaker. The failure revealed in (7.5) is responsible e.g. for
the unpleasant complexity of ME-reasoning (cf. [Par94]). No cutting down
to local propagation rules is possible here in general, but, on the other hand,
we observe a greater variety of revision types. In fact, (7.5) allows us to
incorporate knowledge on different levels:

Suppose the (already revised) epistemic state ¥R reflects our knowledge,
and we learn the conditionals in S to hold. Three (generally) different ways
to revise ¥ * R by S are imaginable:

— If we decide that R and S represent knowledge on the same level, then we
should accept ¥ % (R U S) as revised epistemic state.

— Maybe we regard S as successive to R; then (¥ x R) x S is supposed to
reflect the new state of belief.
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— A third type of revision arises if one considers S as belonging to ¥, perhaps
representing additional background or generic knowledge. Then a suitable
revision can be performed by calculating (¥ x S) * R.

The first of these revision types realizes genuine revision: ¥ * R is revised
by learning additional evidential knowledge. The second type is more in the
sense of updating: We do not expect explicitly the knowledge in R to hold any
longer, rather we concede that some change in the world may have occurred
so that S now overrides R. The third of the revision types above deals with
a possible change in generic knowledge and raises a new perspective in the
framework of belief change (see Example 7.5.1).

Thus in a generalized framework, different types of belief change may
be realized by making use of one and the same (binary) revision operator,
or universal inference operation, respectively, in different ways, allowing a
convenient homogeneity of methods. For doing so, it is necessary, however, to
represent background (generic, prior) knowledge as separated from evidential
knowledge pertaining to the given situation (what is often regarded as an
essential prerequisite for efficient plausible reasoning, cf. [DP96, DP97b]). In
the following section, we will throw some formal light on belief revision and
updating when it is possible to distinguish between knowledge on different
levels.

7.3 Separating Background from Evidential Knowledge

Epistemic states provide a convenient, stable and rich representation of kno-
wledge and may serve as an excellent starting point to perform a belief change
operation. Yet they have no history, all (uncertain or conditional) knowledge
is considered on the same level, no distinction is made between explicit and
implicit knowledge, or between generic and evidential knowledge. Generic
knowledge may be regarded as constraints imposed on epistemic states, so
a proper handling is possible by considering sets of epistemic states (cf. e.g.
[Voo96a]). If, however, one is not willing to give up the convenience of ha-
ving a single epistemic state as “best” knowledge base, a way to overcome
the restrictions described above may be offered by taking (properly defined)
belief bases as primitive representations of epistemic knowledge, from which
epistemic states may be calculated.

Definition 7.3.1. A belief base is a pair (¥, R), where ¥ is an epistemic
state (background knowledge), and R C (L | L)" is a set of (quantified)
conditionals representing contextual (or evidential) knowledge.
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Usually, evidential knowledge is restricted to certain facts, representing
knowledge about a present case. This is generalized here by considering the
evidence R as reflecting knowledge about the context under consideration,
thus being again of an epistemic nature. Certain knowledge is dealt with as
a borderline case, but is not of major interest. So fluctuation of knowledge is
modelled more naturally: Prior knowledge serves as a base for obtaining an
adequate probabilistic description of the present context which may be used
again as background knowledge for further change operations.

The transition from belief bases to epistemic states can be achieved by
an adequate universal inference operation C, or a binary belief change ope-
rator *, respectively:

«(W,R) =¥ xR with Cyp(R)= Th*(¥xR) (7.6)

For this to be well-defined, we have to ensure that both Cy(R) # 0 and
Cy(R) # (L | £). In this book, we will only deal with consistent belief change,
assuming C to preserve consistency and R to be consistent with the prior
knowledge ¥, if necessary. Though struggling with inconsistencies is certainly
a challenging subject, the concentration on handling consistent beliefs in the
present framework will help to get a clear first view on the topic.

In the following, we will develop postulates for revising belief bases (¥, R)
by new conditional information S C (£ | £)", yielding a new belief base
(&,R) oS, in the sense of the AGM-postulates.

Due to distinguishing background knowledge from context information,
we are able to compare the knowledge stored in different belief bases:

Definition 7.3.2. A pre-ordering C on belief bases is defined by
(U1, R1) C (¥, Ra) iff W1 =W and Ry F* Ry
(U1, R1) and (P2, R2) are C-equivalent,
(U1, R1) =c (P2, Ra),
iff (U1, R1) E (P2, R2) and (P2, R2) C (¥1, Rq).

Therefore (¥1,R1) =c (P2, Ro) iff ¥1 = ¥y and R; and Rs are seman-
tically equivalent, i.e. iff both belief bases reflect the same epistemic (back-
ground and contextual) knowledge. If the universal inference operation C,
resp. x, satisfies left logical equivalence (cf. p. 13) with respect to Cn*, then
(U1, R1) =c (Y2, R2) implies ¥ * Ry = U5 * Rs.

The following postulates do not make use of the universal inference ope-
ration but are to characterize pure belief base revision by the revision opera-
tor o:
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Postulates for conditional base revision:

Let ¥ be an epistemic state, and let R, R1,S C (£ | £)" be sets of conditio-
nals.

(CBR1) (¥,R)oS is a belief base.
(CBR2) If (,R) oS = (¥, R,) then R; =* S.
(CBR3) (I,R)C (¥,R)oS.

(CBR4) (¥,R) oS is a minimal belief base (with respect to C) among all
belief bases satisfying (PR1)-(PR3).

(CBR1) is the most fundamental axiom and coincides with the demand
for categorical matching (cf. [GR94]). (CBR2) is generally called success: the
new context information is now represented (up to epistemic equivalence).
(CBR3) states that revision should preserve prior knowledge. Thus it is
crucial for revision in contrast to update. Finally, (CBR4) is in the sense of
informational economy (cf. [G&r88]): No unnecessary changes should occur.
Admittedly, our postulates are much simpler than those proposed by Hansson
(see, for instance, [Han89, Han91], and [GR94, p. 61]). They are, however,
not based upon classical logic. So they are more adequate in the framework
of general epistemic states.

The following characterization may be proved easily:

Theorem 7.3.1. The revision operator o satisfies the axioms (CBR1) -
(CBRY) iff
(W,R)oS=c (T,RUS). (7.7)

So from (CBR1)-(CBR4), other properties of the revision operator also
follow in a straightforward manner which are usually found among characte-
rizing postulates:

Proposition 7.3.1. Suppose the revision operator o satisfies (7.7). Then it
fulfills the following properties:

(i) IfRE*S, then (W,R)oS =c (¥,R);

(ZZ) [f (Qfl,Rl) C (Q/Q,Rg) then (gll,Rl) oS C (WQ,RQ) OS,‘

(ZZZ) ((![/,72)081)082 =C (W,R)O(Sl USQ),

where (¥, R), (W1, R1), (W2, R2) are belief bases and S, S1,S2 C (L | £)*.

(i) shows a minimality of change, while (ii) is stated in [G&r88] as a mo-
notonicity postulate. (iii) deals with the handling of non-conflicting iterated
revisions.
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Here we investigate revision merely under the assumption that the new
information is compatible with what is already known. Belief revision based
on classical logics is nothing but expansion in this case, and Theorem 7.3.1
indeed shows that revision of belief bases should reasonably mean expanding
contextual knowledge. Note that revising a belief base (¥, R) by S C (£ | £)*
also induces a change of the corresponding belief state ¥* = ¥ x R to
(@*) = %((W,R) o S). According to Theorem 7.3.1, if the (underlying) uni-
versal inference operation C satisfies left logical equivalence, then the only
reasonable revision operation (as specified by (CBR1)-(CBR4)) is given on
the belief state level by

“«(W,R)08) =W+ (RUS) (7.8)

and therefore,

Th* (+((,R) 0 S)) = Cy (R US)

This parallels the result for the classical belief revision theory, with the infe-
rence operation Cy replacing the classical consequence operation (cf. [Gar88|;
see also Theorem 2.2.1, p. 14). Nevertheless, we prefer using the more general
term “revision” to “expansion” here. For if we consider the epistemic states
generated by the two belief bases ¥ xR and *((¥,R) o S) =¥ * (RUS), we
see that the epistemic status that ¥ * R assigns to conditionals occurring in
S will normally differ from those in ¥ as well as from those in ¥ x (R U S)
with expanded contextual knowledge. So the belief in the conditionals in &
is actually revised.

7.4 Revising Epistemic States by Sets of Conditionals

Introducing belief bases in Section 7.3 opened up the possibility to perform
genuine revisions in a clear way, namely by extending evidential or contextual
knowledge learned about a static world. In general, however, a revision of an
epistemic state by (sets of ) conditionals may also be triggered by information
referring to changes in the world, thus demanding actually for updating the
epistemic state. Typical situations for updating occur when knowledge about
a prior world is to be adapted to more recent information (e.g. a demographic
model gained from statistical data of past periods should be brushed up by
new data, see, for instance, the florida murderers-examples 3.5.1 and 4.5.1,
or the Example 7.5.1 below).

In the sequel, we will list reasonable postulates for a (general) revision
of epistemic states by sets of conditionals, matching both the frameworks of
(genuine) revision and of updating. The postulates partly generalize those
for revising an epistemic state by a single conditional listed in Section 4.1,
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page 55. Furthermore, we will compare these postulates to properties of the
underlying universal inference operation, thus continuing to study the close
connection between belief change on one hand and nonmonotonic inference
operations, on the other hand, which has been known already for a couple
of years (see, for instance, [MG91, GR94]) within the framework of classical
logics.

Postulates for revising epistemic states by sets of conditionals:

(CSR1) ¥+ R |= R.

(CSR2) If ¥ |= R then ¥+ R = .

(CSR3) If R; and Ry are equivalent, then ¥ x Ry = ¥ x R,.
(CSR4) f U xR ERo and ¥ xRy =Ry then U xRy =W x Ro.
(CSR5) ¥ % (R URs) = (¥ % Ry) # (R1 URs).

Postulates (CSR1), (CSR2) and (CSR3) constitute basic properties of
epistemic belief change. (CSR4) states that two revising procedures with
respect to sets R, and R, should result in the same epistemic knowledge base
if each revision represents the new information of the other. This property
is called reciprocity in the framework of nonmonotonic logics (cf. [Mak94])
and appears as axiom (U6) in the work of Katsuno and Mendelzon [KM91b].
(CSR5) is the postulate for logical coherence and deals with iterative revision.
It demands that at least, updating any intermediate epistemic state ¥ x R
by the full information R; U Ry should result in the same epistemic state
as revising ¥ by Rq U Rq in one step. The rationale behind this axiom is
that if the information about the new world drops in in parts, updating any
provisional state of belief by the full information should result unambigously
in a final belief state.

Note that in general, the revisions (¥ *R1)* Ry and (¥ xRq)* (R1 UR3)
will differ because the first is not supposed to maintain prior contextual infor-
mation, R;. As was already mentioned, (CSR5) is a set-theoretical version of
axiom (C1) in [DP97a] (see also page 22). (CSR5) has proved to be a crucial
property for the characterization of ME-inference (cf. Chapter 5) but actually
goes back to [SJ81].

Postulates for reasonable revisions or updatings, respectively, based on
inference processes are also proposed in [PV92].

For representing revision operations satisfying the postulates stated above,
we will make use of the relationship between binary revision operators and
universal inference operations:

Proposition 7.4.1. Suppose revision is being realized via a universal infe-
rence operation as in (7.3).
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(i) * satisfies (CSR1) iff C is reflexive.

(ii) = satisfies (CSR2) iff C is founded.

(iii) * satisfies (CSR3) iff C satisfies left logical equivalence.

(iv) Assuming reflexivity resp. the validity of (CSR1), x satisfies (CSR4) iff
C is cumulative.

(v) Assuming foundedness resp. the validity of (CSR2), x satisfies (CSR5)
iff C is strongly cumulative.

The proofs are immediate. From this proposition, a representation result
follows in a straightforward manner:

Theorem 7.4.1. If x is defined by (7.3), it satisfies all of the postulates
(CSR1)-(CSR5) iff the universal inference operation C is reflexive, founded,
strongly cumulative and satisfies left logical equivalence.

7.5 Revision versus Updating

In this section, we will try to get a clearer view on formal parallels and
differences, respectively, between (genuine) revision and updating. For an
adequate comparison, we have to observe the changes of belief states that
are induced by revision of belief bases. Observing (7.6), (CBR2) and (CBR3)
translate into

(CBR2’) #((#,R)oS) |=S.
(CBR3’) #((#,R)oS) = R.

While (CBR2’) parallels (CSR1), (CBR3’) establishes a crucial difference
between revision and updating: revision preserves prior knowledge while up-
dating does not, neither in a classical nor in a generalized framework.

The intended effects of revision and updating on a belief state ¥R that is
generated by a belief base (¥, R) are made obvious by — informally! — writing

(TxR)oS=Tx(RUS)# (PT*R)*S (7.9)

(cf. (7.8)). This reveals clearly the difference, but also the relationship bet-
ween revision and updating: Revising ¥ * R by S results in the same state of
belief as updating ¥ by (the full contextual information) RUS. Note also the
difference in case that xR |= S: If * satisfies (CSR2) then (W*xR)xS = VxR,
but, in general, ¥ x (R US) will differ from ¥ % R. This does not violate the
cumulativity of *, or of C'y, respectively, because S is not supposed to include
R (if it does, then (strong) cumulativity yields equality). Rather it reveals
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clearly the distinction between having S to be incorporated as explicit con-
straints and having S only satisfied in a revised epistemic state (cf. [GP96,
page 88]).

The representation of an epistemic state by a belief base, however, is not
unique, different belief bases may generate the same belief state (the same
holds for classical belief bases, cf. [Han89], [GR94, p. 48]). So we could not
define genuine epistemic revision on belief states, but had to consider belief
bases in order to separate background and context knowledge unambigously.
It is interesting to observe, however, that strong cumulativity, together with
foundedness, ensures at least a convenient independence of revision from
background knowledge: If two belief bases (¥1, R), (W2, R) with different prior
knowledge but the same contextual knowledge give rise to the same belief
state

U« R="Uy xR,

then — assuming strong cumulativity and foundedness —
U x(RUS) = (U *R)*x(RUS)
(P *R)x (RUS)

So strong cumulativity and foundedness guarantee a particular well-behaved-
ness with respect to inference, updating and revision.

In the following example, we will illustrate revision and updating in a pro-
babilistic environment, using ME-inference as the proper universal inference
operation.

Ezxample 7.5.1. A psychologist has been working with addicted people for a
couple of years. His experiences concerning the propositions

V : a: addicted to alcohol
d : addicted to drugs
y : being young

may be summarized by the following distribution P that expresses his belief
state probabilistically (where negation is indicated by barring the correspon-
ding letter):

w |Pw)| w | Pw) | w | Pw) || w | Pw)

ady | 0.050 || ady | 0.333 || a 0.053 || ady | 0.053

ady | 0.093 || ady | 0.102 || ady | 0.225 || ady | 0.091

dy
dy
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The following probabilistic conditionals may be entailed from P:

(d|a)[0.242]  (ie. P(d|a) = 0.242)
(d|@)[0.666]  (i.e. P(d[a) = 0.666)
(aly)[0.246]  (a[y)[0.660]
(dy)[0.662  (dlp)[0.251]

Now the psychologist is going to change his job: He will be working in
a clinic for people addicted only to alcohol and/or drugs. He is told that
the percentage of persons addicted to alcohol, but also addicted to drugs, is
higher than usual and may be estimated by 40 %.

So the information the psychologist has about the “new world” is repre-
sented by
R = {aVd[1],(d]|a)[0.4]}.

The distribution P from above is now supposed to represent background or
prior knowledge, respectively. So the psychologist revises or updates, respec-
tively, P by R using ME-inference and obtains P* = P xy;p R as new belief
state:

w | Pw| w |Pw]| w | P(w) || w | P*(w)

ady | 0.099 || ady | 0.425 || adg | 0.105 | ady | 0.066
ady | 0.089 | @ady | 0.0 || ady| 0.216 | @dy| 0.0

dy
dy

After having spent a couple of days in the new clinic, the psychologist
realized that this clinic was for young people only. So he had to revise ge-
nuinely his knowledge about his new sphere of activity and arrived at the
revised belief state * 5 ((P, R)oy[l]) = P*yr (RUy[1]) =: P shown in the
following table:

w | Pf(w) w | Pf(w) w | Pf(w) w | Pf(w)
ady | 0.120 || ady | 0.700 || ady | 0.0 | ady| 0.0 (7.10)
ady | 0.180 || ady | 0.0 | ady| 0.0 | ady| 0.0

7.6 Focusing in a Probabilistic Framework

Focusing means applying generic knowledge to a reference class appropriate
to describe the context of interest (cf. [DP97b, DP96]). In a probabilistic
setting, focusing is best done by conditioning which, however, is used for
revision, too. So revision and focusing are supposed to coincide in the fra-
mework of Bayesian probabilities though they differ conceptually: Revision
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is not only applying knowledge, but means incorporating a new constraint so
as to refine knowledge.

Dubois and Prade argued that the assumption of having a uniquely deter-
mined probability distribution to represent the available knowledge at best
is responsible for that flaw, and they recommend to use upper and lower
probabilities to permit a proper distinction (cf. [DP96, DP97b]).

Making use of ME-inference *,r, however, it is indeed possible to realize
this conceptual difference appropriately without giving up the convenience
of having a single distribution for inferences. To make this clear, we have
to consider belief changes induced by some certain information A[1], that
is, we learn proposition A with certainty. The following proposition reveals
the difference between revision by A[l], as realized according to (7.8), and
focusing to A by conditioning (cf. also Proposition 6.3.2 in Section 6.3).

Proposition 7.6.1. Let P be a distribution, R C (£ | £)""*" a P-consistent
set of probabilistic conditionals, and suppose A[l] to be a certain probabilistic
fact.

(1) Pxup {A[l]} = P(-|A);
in particular, (P *pg R) *pmr A[l] = (P *me R)(-A).

(1) *ue((P,R) o {A[l]}) = Pxue (RU{A[L]}) = P([A) xuE R.

Both parts of this proposition may be proved by using the representation
(5.5) of the ME-distribution.

Ezample 7.6.1 (continued). The distribution obtained in (7.10) by revision
is different from that one the psychologist would have obtained by focusing
his knowledge represented by P* = P % R on a young patient, which is

given by P**yp {y[1]} = P*(|ly) =: P;:

€

w [ Pw ] w | Pw)

ady | 0.162 || ady | 0.693 | a
ady | 0.145 || ady | 0.0 a

Py (W) || w Py (w)

0.0 |ady| 0.0
0.0 |ady| 00

&

Proposition 7.6.1 and Examples 7.5.1 and 7.6.1 show that, in a (gene-
ralized) probabilistic framework, a proper distinction between focusing and
revision is possible. This difference is akin to the one between “conditioning”
and “constraining” elaborated by Voorbraak [Voo96a] for classes of probabi-
lity functions (for a criticism of conditioning sets of probability measures, cf.
[GH98]). Paris and Vencovska [PV92] also consider focusing by using uncer-
tain information in the context of various inference processes.



8. Knowledge Discovery by Following
Conditional Structures

In many cases, knowledge bases for expert systems consist of rules, i.e., of
conditional statements. In the previous chapters, we investigated in detail the
formal properties of conditionals, how to represent them appropriately and
how to handle them under change of beliefs. Solving these problems is a ne-
cessary prerequisite to arrive at a satisfactory representation and processing
of knowledge. When designing an expert system, however, at first one has to
face another crucial problem: Where do all the rules come from? How to find
a set of rules representing relevant knowledge in an exhaustive way? Besi-
des human expertise, also experimental data may be available. Incorporating
the detailed experiences of an expert into the knowledge base usually is an
indispensible task in knowledge acquisition. Extracting and providing infor-
mation from databases, however, may essentially help to support, automate
and improve this process.

Data mining and knowledge discovery, respectively, mean finding new
and relevant information in databases. Usually, knowledge discovering is
understood as the more comprehensive task, including preparing and clea-
ning the available data and interpreting the results revealed by the actual
data mining process, aiming at discovering interesting patterns in data (cf.
[FPSS96, FPSSU96, FUT96]).

In this chapter, we will focus on this central part of knowledge discovery
within a probabilistic framework, where we assume experimental data to
be represented by a probability distribution. This means that we will deal
with relatively “small” data mining problems with respect to the number of
variables or propositions involved. By using clustering techniques (see, for
instance, [AGGR98]) and considering LEG-networks as an appropriate tool
to split up large probability distributions in a system of local distributions
(see Chapter 9), however, the problem of discovering relevant relationships
amongst variables can be reduced to mining manageable distributions.

Relationships amongst variables and sets of variables may be expressed by
association rules (cf. [AIS93, MS98, AMST96, SA95, Bol96], and see below)
which are a special kind of probabilistic conditionals. Relevance of such rules
is usually measured by considering their confidence, which is nothing but a

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pp[TT9-135, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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conditional probability, and their support, which is the number of cases in the
database that a rule is based upon (cf. [AIS93]). These are certainly plausible
indicators for a rule to interest the user. If, for instance, the manager of a
supermarket wants to improve the layout of his store, he will be interested
in knowing how many customers buying product A also buy product B, and
which percentage of total sales those transactions constitute.

When designing the knowledge base of an expert system, however, rele-
vance of rules depends on the representation and inference methods used.
Within a probabilistic framework, knowledge of conditional independences is
of particular importance. Moreover, when using ME-methods, we would best
find a set of conditionals that represents the distribution under consideration
by means of ME-propagation. The corresponding rules will be considered not
only technically relevant, but also relevant in a fundamental, information-
theoretical sense. By observing that ME-inference obeys the principle of con-
ditional preservation (cf. Section 5.1 and Section 4.5), we have to search for a
set of conditionals with respect to which a given distribution is indifferent (cf.
Definition 4.5.1). An approach to solve this problem is developed in Section
8.2 and constitutes the main contribution of this chapter. We will illustrate
this method in several examples. In particular, we will show how it may help
to find a suitable ME-optimal set of rules.

We will start with recalling some results from general probabilistic kno-
wledge discovery.

8.1 Probabilistic Knowledge Discovery

Mining statistical databases roughly serves three purposes: Firstly, one is
interested in finding relevant association rules , i.e. expressions of the form
A — B where A, B are disjoint subsets of an item set T (cf. [AIS93]). The
database yields a relative frequency distribution Pr over Z, and the support
and the confidence, respectively, of such a rule A — B is simply defined as
Pr(A U B) and Pr(B|A), respectively. Effective algorithms are available to
find significant association rules even in large databases (see [AIS93, MS98,
AMST96, SA95, Bol96]).

As a second task, statistical databases and probability distributions, re-
spectively, are investigated in search of causal structures which can be re-
presented as Markov graphs, or as directed acyclic graphs (see [SGS93]). The
notion of conditional independence is fundamental to those techniques, and
an important application is the discovery of Bayesian networks from data
(see, for instance, [SGS93, Jen96, Hec96]).
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Thirdly, if the number of variables is not too large, one may consider
the resulting distribution as representing important inherent relationships
between propositional variables in a more logical sense and search for inte-
resting conditional rules revealing these relationships. This approach may be
considered as dual to the second one: Here dependencies, not independen-
cies, are to be discovered. This is often done for building up the knowledge
base of an expert system. Here a special type of conditional, the so-called
single-elementary conditional, is of particular interest, since it is supposed to
pinpoint relevant information:

Definition 8.1.1. A conditional (B|A) is called a single-elementary condi-
tional if the antecedent A is an elementary conjunction, i.e. a conjunction of
literals, and the conclusion B is a single literal, and if neither AB = 1 nor
AB = 1. The basic conditional v, . = (form(w)|form (w,w")) (cf. Defini-
tion 3.4.2) is a basic single-elementary conditional if w and w’ are neighboring
worlds, i.e. interpretations differing with respect to exactly one atom.

Traditionally, single-elementary conditionals are appreciated for represen-
ting knowledge very clearly and intelligibly. Thus they occupy an outstan-
ding position for knowledge representation and reasoning. Association rules
are similar to single-elementary conditionals. There are, however, structural
differences: Antecedent and conclusion of an association rule may be consi-
dered as elementary conjunctions with only positive literals. The conclusion
of a single-elementary conditional consists of only one literal, i.e., it contains
exactly one item. Basic single-elementary conditionals are single-elementary
conditionals with antecedents of maximal length.

Usually, single-elementary conditionals are considered important if the
corresponding probability is significantly high, that is, near to 1 within a
certain distance € > 0. But high probability alone does not suffice to make a
conditional really relevant: If P(B|A) > 1—e then there will normally be a lot
of other variables V' such that P(B|Av) > 1 — €, too. So the problem of dis-
covering relevant single-elementary conditionals may be conceived as finding
single-elementary conditionals where the antecedent is as short as possible
(with respect to the number of occurring literals). This problem is dealt with
by the author and others in [KIR96, Ger97], and [Sch98] ; moreover, [Sch98]
also searches for exceptions to such shortest single-elementary conditionals.
In both cases, parts of the computed conditionals were used for probabilistic
knowledge representation via ME-inference (cf. [RKI97b]). These sets of con-
ditionals, however, were not optimally suitable because no specific feature
of ME-methods was taken into consideration in the discovery algorithms.
In particular, ME-propagation yields a distribution which is indifferent with
respect to the set of learned conditionals (see Section 5.1). So, as a neces-
sary condition for an appropriate set R of conditionals ME-representing a
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given distribution P, we may claim that P be indifferent with respect to R
(see Section 3.6.1). An approach to solve this problem is developed in the
next section within a more general setting, considering conditional valuation
functions instead of probability distributions.

8.2 Discovering Conditional Structures

Given some conditional valuation function V : £ — (A, ®,®,04,14), two
questions arise at once:

— What knowledge does V' represent? What are the propositional and the
conditional beliefs held in V7

— Which subset of these conditionals (including facts) is distinguished in the
sense that V is in accordance with the conditional structures it imposes on
possible worlds?

The first question means answering queries (B|A) [z],2 =?, by calculating
V(B|A). The second question amounts to finding a set R C (L | E)(*) such
that V is a c-representation with respect to R. Ideally, we would have V to
be a faithful c-representation, i.e. we are searching for a set R C (L | )™
such that V |= R and ker V = ker og, or kery V = kery or, respectively.
Assuming faithfulness means presupposing that no equation V(@) = 14 is
fulfilled accidentally, but that any of these equations is induced by R (cf. also
the Faithfulness condition in [SGS93, pp. 35f]).

At the end of Section 3.5, we made some first considerations concerning
this generally complicated and expensive task.

In this section, as the main result of this chapter, we will present an
approach to computing sets of conditionals that underly the knowledge re-
presented by some conditional valuation function V : £ — A. As a crucial
prerequisite, we will assume that this knowledge is representable by a set of
single-elementary conditionals. This restriction to single-elementary conditio-
nals is important, but should not be considered as a heavy drawback bearing
in mind the expressibility of these conditionals.

Suppose R C (L | £) is an existing, but unknown set of single-elementary
conditionals, such that ker ox = ker V', and ker V' is known. In the following,
we will present a method for determining or approximating, respectively, sets
S C (L] L) such that ker V = keros.

Each conditional in R is presupposed to be single-elementary, so we set

R ={(b1]A1), .-, (bn]An)} (8.1)
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where A; are elementary conjunctions and b; are literals, 1 < i < n. Without
loss of generality, only to simplify notation, we assume all literals b; to be
positive (cf. Lemma 3.5.2).

Let
) — laT a— + -
or: 2 - Fr=(al,a;,...,a ,a,)

denote a conditional structure homomorphism with respect to R (cf. Equa-
tion (3.19) in Section 3.5, page 42).

For each atom v € £, choose an arbitrary, but fixed numbering of the re-
maining atoms {w | w # v} = (wo, w1, ..., Wy atoms)—1). Then basic single-
elementary conditionals are conditionals of the form

Yo = @] Aup) (52

with ¢; € {0, 1},w]1- = wj,wg-) =w;,0 < j < #(atoms) —1 and [ = Zj €;27.

We will abbreviate the antecedent of v, ; by C, ;-

Cyp = /\w;j, = Zeﬂj (8.3)
J J
(the numbering w; depends on v). Let
B={ty;|vatomin £,0 <1< g#(atoms)—1 _ 1}

denote the set of all basic single-elementary conditionals in (£ | £), and let

Fi = (b, by, | vatom in £,0 < I < 2#(a0M—1 1)

v,

be the free abelian group corresponding to B (cf. Section 3.5) with conditional
structure homomorphism

o = HJ”’Z : ﬁ — fB, (84)
v,l
b;l w=Cy v
av,l(w) = b;,l w = Cv’lﬁ (85)
1 else

Lemma 8.2.1. op is injective, i.e. ker og = {1}.

So op provides the most finely grained conditional structure on 2: No
different elements &1 # &y are equivalent with respect to B.

We define a homomorphism
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g:fg—)]:n

via

g(bL): H aj and g(b;l) = H a; (8.6)

1<i<n 1<i<n
Yoy 1 Eb;1A;) Yo 1 E(i1A;)

where C is defined according to Definition 3.4.1 in Section 3.4, p. 36. Note
that we presupposed all conditionals in R to have posititve literals in the
consequent. Otherwise, the definition of g has to be altered appropriately,
but the results to be presented in the sequel will still hold. The prerequisite
of dealing with single-elementary conditionals, however, is essential for the
following. The next lemma provides an easy, but far-reaching characterization
for the relation C to hold between single-elementary conditionals:

Lemma 8.2.2. Let (b|A) and (d|C) be two single-elementary conditionals.
Then

dICYE (b|A) iff C<Aandb=d (8.7)
Remark 8.2.1. The preceding lemma may be slightly generalized to hold for
conditionals (b|4) and (d|C) where A and C are disjunctions of elementary

conjunctions not containing b resp. d.

Using Lemma 8.2.2, we have

gbi) = JI & and g )= [ ar (88
1<ign 1<i<n
bi=v,Cy | <A; bi=v,Cy | <A

It is important to note that for different atoms v and v’, only different

a’ occur in g(bil) and g(bj,’l,), respectively, by Lemma 8.2.2 (analogically

)

for a; and g(b, ;) and g(b,, ), respectively). Moreover, each aj and a

7 )

respectively, occurs at most once in each g(b),) and g(b, ), respectively.
This will be used several times in the sequel.

g establishes a connection between the conditional structures with respect
to B and to — the still unknown, but existing — R:

Theorem 8.2.1. Let g : Fg — Fr be defined as in 8.6. Then og = g o og.

The property of all conditionals in R to be single-elementary is crucial
for the proof of this theorem. Only in this case it is guaranteed that each aj
or a; , respectively, occurring in o (w), also occurs exactly once in goop(w).

Theorem 8.2.1 provides immediately a method for determining ker g by
considering og and ker og which is assumed to be known:



8.2 Discovering Conditional Structures 125

Corollary 8.2.1. & € kerog iff og(©) € kerg.

Proposition 8.2.1. Let & =w]' -...-w'r € {2.
Then og(wi' - ... -wim) € ker g iff for all atoms v in L,
H (bj’l)”‘, H (b, )™ € kerg. (8.9)
1<k<m 1<k<m
“’k:cv,lv “’k:c/u,lﬁ

So each (generating) element of ker o gives rise to an equation modulo
ker g for the generators b b, of F5.

v,

Lemma 8.2.3. Let v be an atom of the language L.

ngkgm(b’j,lk)Tk € kerg or ngkgm(b;lk)rk € ker g iff for all (b;]A;) € R,
1 < i < n, such that v = b; it holds that Zk:Cv <A TR = 0.

This lemma shows a complete symmetry between the generators bj, ; and
b, , occurring in elements of ker g (which is also obvious by the definition
of g) So the superscripts may be omitted if not explicitly needed. Formally,
let b, ; denote the quotient of bfl and b;l:

’U/

b
by, = 2 (8.10)

Then the following corollary holds:

Corollary 8.2.2. Let v be an atom of the language L.

H (b;lk)”’ € kerg iff H (b, )™ € kerg

1<k<m 1<k<m

iff H (byi,)™ € kerg

1<k<m

The idea of the procedure to be described in the sequel is to explore the
relations mod ker g holding between the group elements b,,; € Fg with the
aim to define a finite sequence of sets S0, S . of conditionals such that

ker ogwo C keroga) C ... C kerog (8.11)

Thus the sequence S, SM . tries to approximate R. We will first present
the fundamental idea of the method and develop the necessary theoretical
results in the rest of this section. In the next section, the procedure will be
explained and illustrated in detail by examples.
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Step 0:

We start with setting
SO =8 (8.12)

Lemma 8.2.1 states ker og0) = 1, so (8.11) trivially holds. Let =, denote
the equivalence relation mod ker g on Fg, i.e. by =4 by iff g(b1) = g(b2)
for any two elements by, by € Fp, where ¢ is defined as in (8.6). For each

(generating) element @ = wi' -... -wl™ of ker or, set up an equation modulo
ker g:
oB(@) =4 1,

this means, according to (3.21),

1= H(b:;l)zkzg”*””k):bf,z " H(b;l)zk:””*”‘”k):bll " (8.13)

v,l v,l

and split up these equations according to Proposition 8.2.1 and Corollary
8.2.2.

Step 1:

First, eliminate from B = S all 1,1 for which there is an equation b, ; =, 1:
SV = s _ {v, € SO | by =4 1is known}

The equations modulo ker g further partition S M into equivalence classes
by, = {buy € SO | by, =, b,y is known}, b,; € SO (only b,
with the same v occur in [b, ]y, according to Lemma 8.2.2). For each such
equivalence class [by ], set

0 _
Dy, =\ Cu
bv,l’e[bv,l]g
and
1 1
SDEJJ)'U = (,U | Di(J,])'U) = |_| ¢v,l’a
bv,L’e[b’u,l]g
where j, = 1,2,... is a proper finite numbering. Now we set
M) — 1, —
S - {@v,j,, | v atom,jv - 17 27 .- } (814)

Define homomorphisms
h(l) :fs(o) — .7:3(1) and g(l) :.7'—3(1) — .773

via
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1 if by =41
A b, = : o S0
(by,1) sfjl,;v if ), C %Oil,g)'v o

gDl = | (8.16)

1<i<n

_ (1)
v=b;,Dy 0 <A

Note that we omit the superscripts + and — for simplicity of notation. This
is in accordance with (8.10), because b, and b, , are dealt with in a comple-
tely symmetrical way, and (8.15) and (8.15) also hold for the corresponding
quotients. h(Y) is well-defined, because each b, ; #, 1 is contained in exactly
one equivalence class [by ;] g and thus b, ; & 4,05)13 for exactly one <p5)13

So A models the transition from S to SU, and g(l) relates Fga) to
Fr as g does for Fp. The following lemma shows that a similar equation as
given in Theorem 8.2.1 still holds:

Lemma 8.2.4. Let SV hW ¢ be defined as above. Then the following
relationships hold:

(i) g=g"ohl.
(ZZ) Og(1) = h(l) 0 0g(0) -
(iii) g™ oosa0) = oR.

Corollary 8.2.3. kerogo) C keroga C kerog.

This first step usually reduces B considerably and shows the general pat-
tern of modifying the set of conditionals under consideration by defining
appropriate homomorphisms A" and ¢(*), respectively. This will be pursued
in the next step, too. As an important difference to Step 1, however, we will
no longer deal with basic single-elementary conditionals. More general, SV
is a set of conditionals g@ilg with a single atom v in the conclusion, and
the antecedent Df}’ j)-v of cpq(ij)-v is a disjunction of elementary conjunctions not
containing v.

Due to Lemma 8.2.4(i), we have

g( H (bv,lk)rk)zl iff g(l)( H h(l)(bv,lk)rk):]'

1<k<m 1<k<m

Thus by replacing each b, ;, by its image h(l)(bwk), we will now explore

equivalence mod ker g!) between the generators silj)v of Fsuy. Note that

while neither R nor g are known, the homomorphisms h(*) will approximate
R in a constructive way.
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Step 2:

Step 1 already revealed the basic idea of the method to be presented: (Single-
elementary) Conditionals are joined by U in accordance with the equations
modulo ker g. The second step also follows this idea for more complex equa-
tions. First we specify its starting point:

Prerequisites: Suppose S®) is a set of conditionals go?()t)j

(¢ ) is a disjunction of elementary

I(f)] ) sf)t)j )uv,; be the free abelian

group associated with S®, and let ¢ : Fgu — Fr be the homomorphism

with a single atom v in

the conclusion, and the antecedent D(t) of p,

conjunctions not containing v. Let Fgr) = (s

defined by
t
g = [
1<i<n
v=b;,0 M <a;
v,J
such that

t
g( ) O0g(t) = OR.

Let =, mean = mod ker g®.

In this step, we exploit equations of the form

st =0 s s (8.17)

Sy ,J0 =g® Sy J1 P, m

to modify S® appropriately. To obtain this modified set S*+1),

1. eliminate <p1(}t7)jo from S®;

2. replace each (p(t)» by

VyJk
o) =l vl = @[ DY, v DY),

for 1 < k < m. Set ptY — p® \Y, D(t) 1<k<m

U, ]k v,J0 U,k
(t)

3. retain all other ¢, 7, i.e.

spv(jtl) 4'0’(57)1 for w#vorlﬁ{jo,jl,...7jm}.

) _— @ 1; in this case, (2) is

This also includes the case m = 0, ie. ¢, =,

vacuous and therefore is left out.

Define homomorphisms h(*+1) : Fguy — Fgesny and gt Fourny —
Fr by

(t+1)

[ickemSog Hw=vl=jo
h(t+1) (Sg)l) = S(t;rkl) ifw= 'U,l = jk‘a 1 < k < m
(D)

Sl else
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and
9(t+1)(5$jl)) = H a;.

1<i<n

w=b, DT <4
w=bi, Dy, 1S A

We now prove a statement equivalent to Lemma 8.2.4 for this general
case:

Lemma 8.2.5. Let St a0+ 4+ pe defined as above. Then the follo-
wing relationships hold:

() gtV o AH) = 4,

(i3) R+ o O5(t) = Og(t+1) .

(iii) gtV o ogr1) = oR.

So the new set S(*1) is apt to continue the set chain in the sense of (8.11):

Corollary 8.2.4. With the same notation as in Lemma 8.2.5, it holds that
ker ogwy C ker ogusny C ker og (8.18)

By replacing each group element sff% by h(tH)(sﬁ)l), equations holding

modulo ker g are transformed into equations modulo ker g(+1):

O =1 it gD RIS ) =1,
k k

due to Lemma 8.2.5(3).

By repeating step 2, the original equations modulo ker g are modified and
solved, if possible, defining a sequence of sets S®*) of conditionals such that

kerogoy C ... kerogw C kerogey C ... C kerog,

as desired, together with homomorphisms ¢(*) describing their relationship
to R.

Suppose that no further reduction of equations modulo ker g according
to step 2 is possible, and the procedure halts. So we arrive at a set S™) of
conditionals gogj*]) with a single atom v in the conclusion, and the antecedent

Dg*]) of cpf)*J) is a disjunction of elementary conjunctions not containing v. Let

)t *) . . .
Fsn = (sfjj) ,sfw)- )u.j be the free abelian group associated with S*), and

let g(*) : Fstx) — Fr be the homomorphism defined by

9= I a

1<i<n
()
v=b;,D, "< A,
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such that

()

g 00g(+x) =OR.

Now, one of the following two situations may occur:

— Either, there are still non-trivial equations modulo ker ¢(*). In this case,
S™) is only an approximation of ker o, and ker 0g(» is included in it.

— Or, all equations modulo ker g could be solved successfully, so no non-
trivial equations modulo ker ¢(*) are left. That is, for any & € ker o,
1 = or(®) = g™ 0 0ge (@) holds trivially, i.e. due to og¢) (&) = 1. But
this means ker og C ker o) C ker or, so

ker og = keror
and the procedure ends up with full success.

In general, the techniques described in steps 1 and 2 will not suffice to
eliminate all equations modulo ker g, and we will be left with more complex
equations modulo ker ¢ of the form

L0 =g [Tt (51,0 (8.19)

k

all rg,s; > 0. The great variety of relationships possibly holding between
the conditionals involved makes it difficult, if not impossible in general, to
construct a new appropriate set S+1) of conditionals in a straightforward
way.

Nevertheless, the method developed so far already illustrates the central
idea of how to find the conditionals whose structures a conditional valuation
function V follows: By investigating relations between the numerical values
of V, the effects of conditionals are analyzed and isolated, and conditionals
are joined suitably so as to fit the conditional structures inherent to V. The
operations on conditionals are based on equations between group elements
representing these conditionals. So the formal framework for conditionals
developed in Chapter 3 once again proved useful, providing the possibility of
calculating relevant conditionals from e.g. probability distributions. We will
illustrate how this works by considering examples in the next section.

Though at the present state, the method is not guaranteed to terminate
successfully, we will find that in many cases, it will yield a useful approxima-
tion of the unknown set R of conditionals. Treating equations of form (8.19)
is a topic of our ongoing research, and results will be published in a further

paper.
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8.3 Examples — ME-Knowledge Discovery

We will now illustrate the method described in the previous section by two
probabilistic examples. Given a probability distribution P, we will show how
to calculate a set S (or SP™ respectively) of (probabilistic) conditionals
such that P = Py sy SP™, where %) is the ME-operator and Py is a
suitable uniform distribution. That is, we are going to solve what is known
as the inverse maxent problem.

Due to the fact that P is necessarily indifferent with respect to such a set
S, analyzing the relationships between the numerical values in P will help to
find such an S, as is explained in the previous section and as will be carried out
in the following. Note that by assuming P to be a faithful representation of
some set RP™? ie. P(©) = 1iff og (@) = 1, we have P(@) = 1 iff 05(@) =, 1,
according to Corollary 8.2.1.

We consider formulas involving the three atomic propositions a, b, ¢, in-
terpreted by
a being a student
b being young
¢ being single (i.e. unmarried)
in two different settings, represented by two distributions. We list the twelve
basic single-elementary conditionals 1, ; of B:

Ya0=(a | bC) po=(b]ac) tco=(c|ab)
Ya1=(a|bec) Yp1=(b|ac) the1=(c|ab)
Yap=(a|bC) tp2=(b|ac) the2=(c]|ab)
Yasz=(a|bc) p3=(b|ac) tc3=(c|ab)

with corresponding generators bj b, of Fg.

Ezxample 8.3.1. The first distribution P; over a, b, ¢ is given as follows:

w | Pw) || w | PA(w)
abe | 0.3028 || @be | 0.2133
abe | 0.0336 || @be | 0.0237
abe | 0.0421 || @be | 0.1712
abe | 0.0421 || @be | 0.1712

By calculating ratios of probabilities of neighboring worlds, we observe im-
mediately

abe abe

Py(abe) = P, (abe), Pi(abe) = P,(abc), P (“bc> s (“bC) ,
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and we will now show how these numerical relationships can be used to
calculate a set S of conditionals that may impose such a structure on P.

So let _
abc abc abc - abe
K 1=\ = 5 = —_
abé’ abe’ abe - abe

Step 0: We start with S(©) = BB; the generators of K give rise to the following
equations modulo ker g:

ab - b pt
1= og abe _ bbbl
I abe b by be o
b + B Bt
1 — O,B abc _ ba,lbb,3b6,2
= — = ===
g abc bg oby 2P o
1= abc-abc\ bl bl.b b ,bf b,
= — = T — - T
g abc . abc ba,sz—jbc,S'bu,Bbb,lb:l

Considering these equations for each atom a, b, ¢ separately and omitting the
{+, —}-signs, we obtain

ba,l =g ba,O; ba,S =g ba,2
by1 =4 by, by s =g by 2
bc,O Eg bc,2 Eg 1; bc,3 Eg bc,l

(cf. Proposition 8.2.1 and Corollary 8.2.2).

Step 1: We eliminate the basic single-elementary conditionals 1. and v 2
from S(® = B, and join conditionals according to the equations above; we
obtain as conditionals in S™)

YaoUthar =@l (
Va2 Utas =: ¢l (
Yoo Uty =: %() o = (bfa
o2 Uty s =t <Pz(711) = (
YealUthes =191 =(
&) € Fso.
All of the equations modulo ker g set up in step 0 are transformed into trivial

equations modulo ker g!). Calculating the probabilities of these conditionals
in Py, we obtain

These are all conditionals in SV, with corresponding elements s

Py(alb) ~ 0.2; Py (alb) ;
Py (bja) ~ 0.4; Py (bla) ~ 0.8;
Py(c|b) ~ 0.9
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By using an ME-tool (like SPIRIT, cf. [RKI97b]), we see that actually
Py = Py sags {(alB)[0.2], (a]8)[0.6], () [0-4], (5la){0.8], (clb){0.9]},

and these conditionals represent knowledge incorporated by P which is rele-
vant, in particular, with respect to ME-inference.

Ezample 8.3.2. The second distribution P, over a, b, ¢ is given as follows:

w | Bw) || w | Py(w)

abe | 0.1950 || abe | 0.1528
abe | 0.1758 || abe | 0.1378
abe | 0.0408 || @be | 0.1081
abe | 0.0519 || abe | 0.1378

Here important relationships between probabilities are revealed by

o . abc abe abe abc
PQ(U;bC) = PQ(CLbC), P2 (abc) = PQ (abc) ) PQ <abc> = PQ <abc) s

so that

Ko = <abc abc - abe abc-abc>
>~ \ @bz’ abe - abe’ abe - abe
Again we start with S(©) = B. The generators of Ky yield the following
equations modulo ker g:

N o
= on abe _ basbfobo,
I abe b, 0b;0Pe o

. abe + bt.br.b bt . b-

1 0B abc abc _ ba,sbb,sbc,s'ba,be,obc,l

= = ~— b5 bT b . b bt bt

g abc - abe ba,2bb,2bc,3'ba.Bbb,1bc,1

. abe + - - b b-
<abc abc) b b, ;b b by obi,

—— T = T
abe - abc by 0Py abeaba by bl

Considering these equations for each atom a, b, ¢ separately and omitting the
{+, —}-signs, we obtain

ba,O Eg ba,l Eg ba,2 Eg ba,S
bc,O Eg bc,l Eg bc,2 Eg bc,S
bb70 =g 1

bys =4 bpibpo

(cf. Proposition 8.2.1 and Corollary 8.2.2).
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Eliminating and joining conditionals according to steps 1 and 2, we obtain
Sz ={(a|T), (c[T), (bla), (blc) }
and
Sfmb = {(a|T)[0.4635], (¢| T)[0.4967], (b]a)[0.8], (b]c)[0.7]}

. . . b
represents P via ME-inference, i.e. Py = Py xpyp S5,

8.4 Open Problems and Concluding Remarks

The approach to ME-optimal knowledge discovery developed in this chapter
makes an important new contribution to the field; nevertheless, a lot of work
remains to be done:

1. How are the crucial relationships inherent to a given P found? It seems
advisable to investigate the orders of magnitudes of the probabilities in-
P(w)
P(w")
with neighboring worlds w,w” will help to find important relationships.

stead of precise rational numbers. In many cases, considering ratios

2. The sets of conditionals discovered in the examples 8.3.1 and 8.3.2 are
not really ME-optimal because they contain redundant conditionals: It
is straightforward to check that Py = Py *pp {(b|a)[0.8], (c|b)[0.9]} and
P, = Py x g {(bla)[0.8], (b|c)[0.7]}. Eliminating redundant conditionals
from the resulting set of conditionals is still an open problem.

3. Last not least, more complex equations of the type (8.19) still have to be
dealt with.

We are, however, optimistic in that the method presented here may be ex-
tended to also treat the more difficult equations in problem 3, and that it can
be modified appropriately to yield an even more effective algorithm, tailor-
made to ME-propagation and avoiding redundant conditionals, thus solving
problem 2.

The applicability of the method presented in this chapter neither depends
on the presupposition of V' being a faithful c-respresentation nor on having
a complete description of ker V' available: Each numerical relationship found
amongst the values of V' corresponds to an element of ker V and may be used
to set up equations for the group elements in Fi modulo ker g. The generators
of ker V are particularly appropriate for this task, in that they yield basic
equations, but any other element will do, too. If V fails to be a faithful c-
representation of some suitable set of conditionals, then too many equations
modulo ker g will have to be solved trivially. In this case, backtracking will
be necessary, undoing the last joining of conditionals.
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Moreover, the techniques of Section 8.2 can also be applied when a prior
epistemic state has to be taken into account. For instance in a probabili-
stic framework, when P is the actual distribution to be investigated and
P’ is some prior distribution, we can compute a set R C (£ | £)P™" with
P’ xyr R = P in the same way as above, namely by applying the algorithm
to the normalized function P/P’.



9. Algorithms and Implementations

In this chapter, we present a selection of various computational approaches
to quantified uncertain reasoning and probabilistic knowledge discovery.

9.1 ME-Reasoning with Probabilistic Conditionals

Probability theory provides a powerful and mathematically founded, non-
heuristic framework for uncertain reasoning, but, due to their exponential
complexity, probability distributions are not easily dealt with. Efficient algo-
rithms are necessary to represent probabilistic dependencies between a large
number of variables or atoms, respectively, and to incorporate new informa-
tion so as to achieve a revised or instantiated probabilistic state of belief.

To reduce the complexity of probability distributions, ME-reasoning can
make use of so-called LEG-networks, where LEG stands for local event
group (cf. [Lem82, Lem83]). LEG-networks are hypergraphs with its hy-
peredges (LEG’s) consisting of sets of atomic propositions (or events, or
propositional variables, respectively). To each LEG, a component marginal
distribution is associated. Like the clique trees of Bayesian networks (cf.
[LS88, Nea90, Jen96]), they allow local computations and propagations of
probabilities.

The expert system shell SPIRIT! uses LEG-networks for representing
sets of probabilistic rules and reasoning via the principle of maximum en-
tropy (cf. [RM96, RKI97a, RKI97b, Mey98]). Given a set of probabilistic
conditionals R, a hypergraph is constructed whose hyperedges consist exac-
tly of variables occurring in one conditional in R, respectively. Usually, this
hypergraph fails to be acyclic, so a covering hypertree is generated which
allows a decomposition of the associated ME-distribution P* = Py xyg R
(cf. [Lem83, Mal89]). Learning of the conditionals in R is done locally on
the LEG’s by approximating iteratively the Lagrange factors «; (cf. (5.5), p.
76) which yield a potential representation of P*. The global propagation is

! available at http://www.fernuni-hagen.de/BWLOR/forsch.htm

G. Kern-Isberner: Conditionals in NMR and Belief Revision, LNCS 2087, pp[T37-140, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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then carried out by successively adjusting neighboring LEG’s by a procedure
similar to iterative proportional scaling (cf. [Lau82, MR92]), passing through
the structure of the hypertree. Answering queries is done by modifying the
hypertree appropriately and propagating the values of the instantiated varia-
bles (or atoms, respectively). It is worth noticing that the Lagrange factors
« which are so meaningful for the theoretical results presented in this book
are also of crucial importance for an efficient computation. For a detailed
description of the algorithm, cf. [Mey98].

So LEG-networks provide an efficient method to perform local computa-
tions for ME-reasoning, reducing its complexity (cf. [Par94]). Their meaning
is similar to that of Bayesian networks for probabilistic reasoning in gene-
ral. There are, however, crucial differences between Bayesian reasoning and
ME-reasoning:

— Instead of imposing external assumptions of (conditional) independencies
on the variables, ME-reasoning follows the internal structure of conditionals
to install independencies intensionally: Independence is only assumed when
no other information is available.

— ME-reasoning does not require the specification of large amounts of con-
ditional probabilities to build up a Bayesian network. It rather fills up
the necessary values in an information-theoretically optimal manner. In-
stead, it offers the possibility of specifying knowledge by conditionals in an
intuitive way, requiring only to list and quantify relationships which are
considered relevant by the user.

Thus, ME-reasoning seems to combine ideally sound probabilistic reasoning
with intuitive knowledge representation, providing a powerful machinery to
realize commonsense and expert reasoning in demanding domains like medical
diagnosis. Another ME-system, LEXMED?, is already used to support physi-
cians in diagnosing appendicitis in a German hospital (cf. [SE99]). LEXMED
is based on the system shell PIT ([FS96, SF97]). PIT not only accepts precise
probabilities, but also allows one to specify intervals of probability values for
the conditionals. An approach to combine ME-reasoning with probabilistic
logic programming techniques is presented in [LKI99].

9.2 Probabilistic Knowledge Discovery

Within the field of probabilistic knowledge discovery, conditionals of a sim-
ple syntax have proved to be of particular importance. These conditionals

2 Homepage of LEXMED: http://lexmed.fh-weingarten.de
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usually have conjunctions of atoms or literals in their antecedents and conse-
quents, avoiding disjunctions in order to pinpoint relevant information. Asso-
ciation rules (cf. [AIS93]) only make use of positive literals, whereas single-
elementary conditionals have only one (positive) literal as its consequence
(cf. Definition 8.1.1).

In [KIR96], we dealt with discovering relevant and significant single-
elementary rules in a given probability distribution P. There, the significance
of a probabilistic rule is measured simply by its probability with respect to a
threshold e: (BJA) is called (e)-signficant if P(B|A) > 1 — e. And relevance
aims at presenting relationships in a concise way, that is, by shortening the
(conjunctive) antecedent of a rule without giving up significance. To find
significant single-elementary conditionals, one has to check for each elemen-
tary conjunction the corresponding ratios of probabilities to its neighboring
conjunctions. To introduce the notion of relevance, we gave a criterion which
elementary conjunctions should be investigated to bring forth rules with a
particular short antecedent. The level of significance € can be chosen by the
user, so as to allow investigations on different levels of abstraction.

The algorithm presented in [KIR96] starts with “long” rules, successively
shortening the elementary conjunctions under consideration. In contrast to
this, the algorithm in [Sch98] begins with short conjunctions, extending the
antecedents of rules in search of exceptions. The implemented program in
[Sch98] also checks the quality of the set of discovered probabilistic rules by
measuring the information-theoretical distance between the corresponding
ME-distribution and the original distribution P. In [Miil98], the idea of a
structural interestingness of probabilistic rules is discussed, and a program
to read data from databases and to find association rules was implemented.

9.3 Possibilistic Belief Revision

Another approach to realize quantified uncertain reasoning is made in [Hoc99]
by means of possibilistic logic: Instead of assigning one degree of uncertainty
to each proposition, as in probabilistic logic, possibilistic logic allows one to
specify the epistemic attitude towards a proposition by two values, a degree
of necessity and a degree of possibility which are usually assumed to range
within the unit interval (cf. [DLP94]). Possibility and necessity measures are
both determined by possibility distributions m : {2 — [0, 1]. Possibilistic logic
aims at capturing qualitative epistemic relationships between propositions.
Indeed, possibility distributions are very similar to ordinal conditional func-
tions (cf. [DP94]) — in particular, the degree of possibility of a disjunction is
the maximum of the degrees of possibility of the disjuncts.
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In [Hoc99], a program was implemented that computes a representation of
a set of propositional formulas, each equipped with a degree of necessity, by a
possibility distribution. The resulting knowledge base can be modified via the
belief change operations of expansion, revision and contraction (cf. Section
2.2). In possibility theory, a deduction theorem similar to that in classical
logics holds, allowing the program to derive (new) possibilistic knowledge by
making use of a possibilistic resolution calculus. As a special feature of pos-
sibilistic logic, however, the program is capable of tolerating inconsistencies,
and to take the degree of inconsistency of a knowledge base into regard when
deriving possibilistic information. All the theoretical background for possibi-
listic deduction and possibilistic change operations is explained in [Hoc99] in
detail.
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